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Abstract. All iterated skew polynomial extensions arising from quantized univer- 
sal enveloping algebras of Kac-Moody algebras are special examples of a very large, 
(3JQ[ axiomatically defined class of algebras, called CGL extensions. For the purposes of 

, constructing initial clusters for quantum cluster algebra structures on an algebra R, 

and classification of the automorphisms of R, one needs embeddings of R into quan- 
tum tori T which have the property that R contains the corresponding quantum affine 
space algebra A. We explicitly construct such an embedding A C R C T for each 
CGL extension R using the methods of noncommutative noetherian unique factoriza- 
tion domains and running a Gelfand-Tsetlin type procedure with normal, instead of 
central elements. Along the way we classify the homogeneous prime elements of all 
CGL extensions and we prove that each CGL extension R has an associated maximal 
torus which covers the automorphisms of R corresponding to all normal elements. For 
symmetric CGL extensions, we describe the relationship between our quantum affine 
space algebra A and Cauchon's quantum affine space algebra generated by elements 
obtained via deleting derivations. 



1. Introduction 

Let R be a noncommutative (right, say) Ore domain over a field K. The first step of 
the construction of a quantum cluster algebra structure on R is the construction of an 
initial cluster. This amounts to the construction of a chain of embeddings 

(1.1) A C R C T C Fract(i?) 

where A is a quantum affine space algebra, T is the corresponding quantum torus (see 
Subsection l4.2l for details), and Fract(i2) is the Ore division ring of R. Embeddings of the 
form (jl.ip also play an important role in classifying Aut(i?) and proving rigidity results 
for R in a general scheme recently developed by the second author [22, 23J. Assume 
that R is a Z>o-graded algebra and A and T are equipped with Z-gradings in which 
their generators have positive degrees and such that the first two inclusions in (jl.ip are 
graded. We call an automorphism ip of R unipotent if y?(a) — a G R m+1 + R m+2 + • • • 
for all a £ R m , m E Z>o- By [23l Proposition 3.3], there is a canonical embedding of 
the group of unipotent automorphisms of R into the set of certain "bifinite" unipotent 
automorphisms of the corresponding completion of T, and by the rigidity result \22\ 
Theorem 3.6], the latter are only coming from the center of T. This method puts very 
strong restrictions on the possible forms of the automorphisms of R and with its help the 
problem of classifying Aut(it!) can be treated with the currently developed ring theoretic 
techniques for studying Spec(it!), see [22j 123] . 



2010 Mathematics Subject Classification. Primary f6T20; Secondary I7B37, f4Mf5. 

Key words and phrases. Iterated skew polynomial extensions, CGL extensions, quantum tori, non- 
commutative noetherian unique factorization domains, normal Gelfand-Tsetlin subalgebras. 

The research of K.R.G. was partially supported by NSF grant DMS-0800948, and that of M.T.Y. by 
NSF grant DMS-1001632. 

1 



2 



K. R. GOODEARL AND M. T. YAKIMOV 



Embeddings of the form (jl.ip are currently only known for quantum Schubert cell 
algebras and quantum double Bruhat cell algebras ffi!14| ,[TTl llO|. Those are derived using 
the Drinfeld i?-matrix commutation relations for quantum function algebras. There is 
no general technique for constructing such embeddings for axiomatically defined families 
of algebras. 

For a very general (axiomatically defined) family C of iterated skew polynomial ex- 
tensions R, containing many quantum function algebras and quantized Weyl algebras, 
Cauchon [5] constructed embeddings of R into quantum tori T using the method of 
deleting derivations, which consists of formally exponentiating skew derivations in cer- 
tain localizations of R. For those quantum tori the first embedding in (II. ip is very 
rarely satisfied for the quantum affine space algebra A generated by the corresponding 
Cauchon elements. The algebras in the family C, which will play a key role in this paper, 
were named "Cauchon-Goodearl-Letzter (CGL) extensions" in [15]. Such an algebra is 
an iterated skew polynomial extension 

(1.2) R = K[x 1 }[x 2 ;a2,52] ■ ■ ■ [x N ;a N ,5 N ], 

equipped with a rational action of a K-torus T~L by algebra automorphisms, which satisfies 
the following conditions: 

(i) For all 1 < j < k < N, ak(xj) = XkjXj for some Xkj £ IK*. 

(ii) For every k £ [2,iV], 5k is a locally nilpotent a^-derivation of the (k — l)-st 
algebra Rk-i in the chain (|1.2p . 

(hi) The elements x±, . . . , xjy are ^-eigenvectors. 

(iv) For every k £ [1, N], there exists h^^H such that (hk-)\n k _ 1 = o~k and h^-Xk = 
\k x k f° r some Afc € K*, which is not a root of unity. 

At this point we note that all iterated skew polynomial extensions arising from quan- 
tum Kac-Moody algebras U q (g) satisfy the Levendorskii-Soibelman straightening rule 
and are CGL extensions with respect to an action of a torus arising from the root lattice 
grading of U q (o). 

In this paper, we construct embeddings of the form (jl.ip for all CGL extensions R 
using techniques from noncommutative unique factorization domains and a generalized 
version of the Gelfand-Tsetlin procedure. In its original form, the Gelfand-Tsetlin pro- 
cedure is used to construct large commutative subalgebras of noncommutative algebras 
(usually universal enveloping algebras) or of Poisson algebras. One starts with a chain 
of K-algebra embeddings 

(1.3) RiCR 2 <Z-..CR N = R. 

The Gelfand-Tsetlin subalgebra QT{R) of R associated to this chain is the subalgebra 
of R generated by Z(R{) U • • • U Z(Rjy). It is obviously a commutative subalgebra of R. 

If the algebras R^ are not universal enveloping algebras, their centers can be very 
small, yet they may have large monoids of normal elements. We consider the subalgebras 
generated by the latter - for example, in the case of quantum groups, those played a 
key role in the classification of their maximal spectra |21| Sections 5-7]. For every K- 
algebra R, let us denote by M(R) the subalgebra generated by the normal elements of 
R. We will call M(R) the normal subalgebra of R. With its help we introduce a twist 
to the Gelfand-Tsetlin construction. For each chain (|1.3p . we define the corresponding 
normal Gelfand-Tsetlin subalgebra MGT(R) of R as the subalgebra of R generated by 
N(R\)U - ■ •UjV'(-Rjv)- (Note that MQT{R) depends not only on R but also on the choice 
of chain (jl.3p . For simplicity, we will suppress this dependence in the notation.) Given 



FROM QUANTUM ORE EXTENSIONS TO QUANTUM TORI 



3 



an iterated skew polynomial extension (jl.2p . there is a canonical choice for a chain of 
subalgebras (jl.3p given by the intermediate algebras in (jl.2p . In this setting, we prove 
the following result (Theorem I4.6p : 

Theorem 1.1. For all CGL extensions R, MQT{R) is a quantum affine space algebra, 
and (jl.ip is satisfied for A := MQT{R) and the quantum torus T obtained by inverting 
the generators of A. 

Noncommutative unique factorization domains were defined and studied by Chatters 
and Jordan [7J [8] . They are domains R with the property that each nonzero prime ideal 
of R contains a prime element (a normal element of R which generates a completely 
prime ideal). Assume that R is equipped with a rational action of a torus H, or equiv- 
alently, R is equipped with an X(%)-grading, where X{1-L) is the character lattice of 
H. The algebra R is called an %-UFD if each nonzero %-prime ideal of R contains an 
X('H)-homogeneous prime element. For a noetherian %-UFD R, W(i?) is precisely the 
subalgebra of R generated by its JT(%)-homogenous prime elements, see Section [2] for 
details. By a theorem of Launois, Lenagan, and Rigal [15], all CGL extensions R are 
noetherian 'H-UFD's. Hence, the normal Gelfand-Tsetlin subalgebra of a CGL exten- 
sion R is the subalgebra of R generated by the set of X("H)-homogeneous prime elements 
of all intermediate algebras R%, . . . , Rjy. We deduce Theorem 1 1 . 1 1 from the following the- 
orem which establishes a recursive relationship between the sets of X(%)-homogeneous 
prime elements of the %-UFD's R\, . . . ,Rn for an arbitrary CGL extension R. This is 
the major result in the paper (see Theorem 14.31 and equation ()4.17|) ). 

For a natural number n, set [l,n] := {l,...,n}. Given a map fi : [1,N] — > [l,n], 
we define natural predecessor and successor functions p : [1,N] — > [1,N] U {— oo} and 
s : [1, N] -> [1, N] U {+00} for the level sets of /i by equations ([Oft and (|4.5p . 

Theorem 1.2. For an arbitrary CGL extension R of length N , there exist a natural 
number n, surjective map \x : [1, N] — >• [1, n] and set of elements 



where qkj € K* are certain explicit products of the elements Xkj £ IK* given by equation 



The number n in Theorem 11.21 equals \{k G [1,-/V] | 8}. = 0}|, by equation (|4.3p . 

Using the method of |21^ Section 5], we prove that each CGL extension R is a free 
left and right A/"(i?)-module in which Af(R) is a direct summand. We also construct an 
explicit AA(ii)-basis of R, see Theorem 14 . 1 1 1 for details. 



{4 I ke [2,N], P (k) + -00}, 

such that dk £ Rk~i is X (71) -homogeneous of the same degree as 



Y[{x 3 I 3 €/i-V(*)n[l,A;]} 
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There is a maximal choice of a torus going with any CGL extension R, whose action 
covers all the automorphisms corresponding to normal elements of R, as follows (see 
Theorems 15.31 15-51 and Corollary 15, 4p . 

Theorem 1.3. Let R be an arbitrary CGL extension of length N, and let n be the 
natural number appearing in Theorem \1.2\ The group 

%' := {ip G Aut(ii) | xi, . . . , a?jv are ip- eigenvectors} 

is a K-torus of rank n, and R is a CGL extension with respect to the action of W . For 
every nonzero normal element u G R, there exists h G %' such that ua = (h ■ a)u for all 
a G R. 

Along the way to the proof of Theorem II. 2} we establish a general recursive rela- 
tionship between the set of X(%)-homogeneous prime elements of an %-UFD B and 
the sets of X(%)-homogeneous prime elements of certain skew polynomial extensions 
R := B[x;o~, 5]. For this one needs to require that the conditions (Cxl)-(Cx5) listed in 
Section [3] are satisfied. These conditions are nothing but an abstraction of the conditions 
for one step of a CGL extension. Under those conditions, Launois, Lenagan, and Rigal 
proved [15} Proposition 2.9] that R is also an %-UFD. The following result is Theorem 
ETF1 

Theorem 1.4. Let R = B[x; a, 5} be a skew polynomial algebra, equipped with a rational 
action of a WL-torus % by algebra automorphisms which leave B invariant. Assume 
that B is an Ti-UFD and that R satisfies the conditions (Cxl)~(Cx5) listed in Section 
[3j Let {ui | i G /} be a list of the homogeneous prime elements of B up to taking 
associates. Then there are the following three possibilities for a list of the homogeneous 
prime elements of R up to taking associates: 

(i) {ui | i G I,i 7^ io} U {vi := Ui x — d D } for some io G / and d G B such that u\[^d a 
is a nonzero homogeneous element of B[u^\ with the same X(T-L)-degree as x. 

(ii) {ui | i G I}U{x}. 

(iii) {ui | i G /}. 

Section [2] contains definitions and some general facts about noncommutative UFD's 
and prime elements. Theorem ll.4l is proved in Section [3j In Section we prove that the 
situation (iii) never occurs in the setting of CGL extensions. This establishes a general 
vanishing property of certain skew derivations of CGL extensions, see Theorem 14.2( b) 
for details. Theorems 11.11 and 11.21 are also proved in Section HI while Theorem 11.31 is 
proved in Section [5j 

For the iterated Ore extensions R which are subalgebras of quantized universal en- 
veloping algebras U q (o), the elements x\, . . . ,xn are among the Lusztig root vectors of 
U q {Q). They satisfy the Levendorskii-Soibelman straightening rule, which means that in 
the setting of (|1.2|) . 5k(xj) belongs to the subalgebra of R generated by Xj+i, . . . ,Xk-i 
for all j < k. Together with a mild assumption on the action of H, all such CGL 
extensions R have a second CGL extension presentation 

(1.4) R = K[xiv][a;iv-i;o-jv-i,^iv-i] ' ' ' [ x l', a i, s i]- 

We call such CGL extensions symmetric, see Definition 16.21 In Theorem 16.61 we prove 
that for all symmetric CGL extensions R, the quantum torus associated to MGT{R) 
for the presentation (jl.2p coincides with the Cauchon quantum torus [5| of R for the 
presentation (|1 .4|) . We also explicitly express the X(%)-homogeneous prime elements 
of all intermediate algebras R\, . . . ,Rm in terms of the Cauchon elements of Fract(i?) 
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(for the presentation (|1.4p ). The proof is based on an extension of the method of \10\ 
Section 3]. 

Commutative unique factorization domains were previously used in the area of cluster 
algebras [HQ2]. The idea was that after enough clusters are constructed for certain coor- 
dinate rings, the unique factorization property can be used to prove that the coordinate 
rings actually coincide with the constructed (upper) cluster algebras. In our treatment, 
the noncommutative UFD property is used in a different fashion, namely to construct 
initial clusters for a more general family of noncommutative associative algebras which 
do not necessarily come from Kac-Moody Lie algebras. 

We finish the introduction with a word on notation. Throughout the paper, K will 
denote an infinite base field. All algebras will be K-algebras, all automorphisms will be 
K-algebra automorphisms, and all skew derivations will be EC-linear left skew derivations. 
All skew polynomial rings B[x;a,5] will be assumed to be left Ore extensions, meaning 
that the commutation rule is given by xb = a(b)x + 5(b) for b G B. Elements a and b in 
a K-algebra are said to quasi- commute if ab and ba are nonzero scalar multiples of each 
other. 

2. Noncommutative unique factorization domains 

We recall the noncommutative unique factorization conditions introduced by Chatters 
and Jordan [7], jS], summarize some of their results and a theorem of Launois, Lenagan, 
and Rigal [15], and develop some extensions. 

2.1. UFRs and UFDs. We separate out the noetherian assumption from [7J Definition, 
p. 50], |8., Definition, p. 23], and [HI Definitions 1.1, 1.2]. 

A (noncommutative) unique factorization ring (UFR) is a prime ring R such that 
each nonzero prime ideal of R contains a nonzero prime ideal generated by a normal 
element, i.e., an element u G R such that Ru = uR. 

Let R be a domain. A prime element in R is any nonzero normal element p G R 
such that Rp is a completely prime ideal, i.e., R/Rp is a domain. A (noncommutative) 
unique factorization domain ( UFD) is a domain R such that each nonzero prime ideal 
of R contains a prime element. 

Because of the noncommutative Principal Ideal Theorem (e.g., \\.7\ Theorem 4.1.11]), 
a noetherian UFR is a UFD if and only if it is a domain and all its height one prime 
ideals are completely prime. 

Continue to assume that R is a domain, and let u G R be a normal element. We say 
that u is a divisor of an element a 6 R, written u \ a, provided a G Ru, which holds 
if and only if a = ru for some r G R, if and only if a = us for some s G R. As in the 
commutative case, a nonzero normal element p G R is prime if and only if p is not a unit 
and (p | ab p \ a or p \ b) for all a,b G R. We say that normal elements u,v G R are 
associates provided Ru = Rv, which occurs if and only if u = av for some unit a G R, 
if and only if u = vb for some unit b G R. 

Proposition 2.1. Let R be a noetherian UFR. 

(a) Every nonzero normal element of R can be expressed in the form cp\p2 ■ ■ -p n for 
some unit c G R and some normal elements pi G R such that each Rpi is a prime ideal. 
In case R is a UFD, the pi must be prime elements. 

Now assume that R is a noetherian UFD. 

(b) Every nonzero element of R can be expressed in the form cpypi ■ ■ ■ p n for some 
prime elements pi G R and some c G R which has no prime divisors. 
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(c) Let u be a nonzero, nonunit, normal element of R. Then u is prime if and only 
if u is irreducible , that is, (u = oh ==>■ a or b is a unit) for all a,b S R. 

(d) Let u £ R be a nonzero normal element, and let a,b £ R such that u \ ab or u \ ba. 
If the only prime common divisors of u and a are units, then u \ b. 

Proof. For (a) and (b), see [H p. 24] and [7J Proposition 2.1]. Parts (c) and (d) follow 
from (b) just as in the commutative case. □ 

2.2. %-UFDs. Let R be a domain which is a K-algebra, and % a group acting on R 
by K-algebra automorphisms. Recall that an %-prime ideal of R is any proper %-stable 
ideal P of R such that (I, J C P ==>- I C P or J C P) for all %-stable ideals / and J 
of R. 

Following \15\ Definition 2.7], we say that R is an %-UFD provided each nonzero 
%-prime ideal of R contains a prime ^-eigenvector. The proof of Proposition 12.11 (see 
also [HI Proposition 6.18 (ii)]) is easily adapted to give the following result. 

Proposition 2.2. Let R be a noetherian T-L-UFD. 

(a) Every normal H- eigenvector in R is either a unit or a product of prime H-eigen- 
vectors. 

(b) Let u be a nonunit normal H- eigenvector in R. Then u is prime if and only if it 
is irreducible. 

(c) Let u € R be a nonzero normal H-eigenvector, and let a,b G R such that u \ ab 
or u | ba. If the only prime H-eigenvector common divisors of u and a are units, then 
u | b. 

The arguments of [15] yield the following result (see [U Chapter II. 2] for a discussion 
of rational actions of tori on algebras). 

Theorem 2.3. [Launois-Lenagan-Rigal] Let R be a noetherian WL-algebra, and H a K- 
torus acting rationally on R by M.-algebra automorphisms. Assume that R is an Ti-UFD. 
Then R is a UFR, but not necessarily a UFD. 

Proof. (Adapted from [151 Proposition 1.6, Theorem 3.6].) 

Let Xq be the set of prime ^-eigenvectors in R, and let X be the multiplicative set 
generated by Xq. Since X consists of normal elements, it is a right and left denominator 
set in R. Let T = RX^ 1 be the corresponding Ore localization of R. We first show 
that any nonzero %-stable ideal I of R meets X. Since R is noetherian, there are prime 
ideals Pi, . . . , Pt minimal over / such that P1P2 • • • Pt Q I- For each j, the largest Te- 
stable ideal Qj contained in Pj is %-prime, and it is nonzero because it contains I. By 
hypothesis, Qj contains a prime %-eigenvector qj. Therefore I contains the element 
qiq 2 •••qt from X. 

It follows that T, with respect to the induced action of H, is an H-simple ring, i.e., 
the only %-stable ideals of T are and T. By [H Corollary II. 3. 9], the center of T is a 
Laurent polynomial ring over a field and there are inverse bijections between SpecT and 
Spec i?(T) given by contraction and extension. Hence, 2(T) is a commutative UFD, and 
every nonzero prime ideal of T contains a nonzero prime ideal generated by a central 
element. 

We must show that each nonzero prime ideal P of R contains a nonzero prime ideal 
generated by a normal element. If P meets X, then because the elements of Xq are 
normal, P must meet Xq. Take p € P D Xq; then P contains the nonzero prime ideal 
Rp. 



FROM QUANTUM ORE EXTENSIONS TO QUANTUM TORI 



7 



Now assume that P D X = 0. Then PT is a nonzero prime ideal of T, so there is 
some nonzero element z G PT n Z(T) such that zT is a prime ideal. The contraction 
P' = zT n R is a nonzero prime ideal of it! such that P' C P and P'T = zT, and we 
may replace P by P'. Thus, there is no loss of generality in assuming that PT = zT. 
We can write z = ax -1 for some a £ P and x £ X, and we have P = a\R + • • • + a m R 
for some dj G P. Moreover, each aj = zij for some tj € T. There exist pi,...,p n G Xq 
such that 2, ti, . . . ,t m all lie in PY _1 , where Y is the multiplicative set generated 
by {pij • • • ,Pn}- Since we may remove any pj which is an associate of a different Pi, we 
may assume that pi is not an associate of pj for any i ^ j. Note that z G Z(RY^ 1 ) and 
P{RY~ l ) = zRY- 1 . 

Set Rq = R and Pj = R\p7 , ■ ■ ■ ,p7 ] for i = 1, . . . , n. As in the proof of [T5| 
Proposition 1.6], it follows from [151 Lemma 1.5] that Pi+i is a prime element of Pj for 
each i = 0, . . . , n — 1. A reverse induction using [151 Lemma 1.4] now shows that PRi is 
generated by a normal element of Pj for each i = n, . . . , 0. Therefore P = Pu for some 
normal element u in P. This completes the proof that P is a UFR. 

To see that P need not be a UFD, assume that char IK ^ 2 and take P to be the 
quantum plane K.(x,y \ xy = —yx). The torus P = (K*) 2 acts rationally on P so 
that (a, f3).x = ax and (a,/3).y = fly for all (a,/3) G P. The elements x,y £ R are 
prime P-eigenvectors, and any nonzero P-prime ideal of P contains one of them (e.g., 
[H Example II. 1.11]). Thus, P is an P-UFD. The element x 2 — 1 is central in P, and 
it is easily seen that P(x 2 — 1) is a prime ideal (e.g., apply [TTJ, Lemma 10.6.4(iv)]), 
necessarily of height one. It is not completely prime, and therefore P is not a UFD. □ 

Now return to the situation at the beginning of this subsection. A normal element 
u G P is said to be T-L-normal if there is some h G % such that ua = h(a)u for all a G P. 
(It is not assumed that u is an P-eigenvector.) We reserve the term %-prime element 
for any prime element of P which is both P-normal and an P-eigenvector. The algebra 
P will be called a strong Ti-UFD in case each nonzero P-prime ideal of P contains an P- 
prime element. An P-UFD P is a strong P-UFD if and only if each prime P-eigenvector 
has an associate which is an P-prime element. If P is an P-UFD and all units of P are 
central, then P is a strong P-UFD if and only if all prime P-eigenvectors are P-prime 
elements. 

Proposition 2.4. Let R be a noetherian strong %-UFD. 

(a) Every normal Ti- eigenvector in R can be expressed in the form cp\p2 ■■■p n f or 
some unit %-eigenvector c G P and some H-prime elements pi G P. 

(b) Let u G P be a normal Ti- eigenvector, and let a, b G P such that u \ ab or u \ ba. 
If the only H-prime common divisors of u and a are units, then u \ b. 

(c) Let a and b be nonzero elements of P. Then a = a'w and b = b'w where w is a 
product of Ti- prime elements of R while a' and b' are elements of R with no Ti-prime 
common divisors. 

Proof. Part (a) is proved in the same way as in Propositions l2.lt 12.21 an d parts (b), (c) 
follow from (a) just as in the commutative case. □ 

Theorem 2.5. Let R be a noetherian ¥L-algebra, and P a ¥L-torus acting rationally on 
R by K-algebra automorphisms. Assume that R is a strong %-UFD. Then each normal 
element of R is an associate of an Ti-normal element. If all units of R are central, then 
all normal elements of R are TL-normal. 
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Proof. The second conclusion of the theorem is an immediate consequence of the first. 
By Theorem [231 R is a UFR. Thus, to prove the first conclusion of the present theorem, 
Proposition 12.1( a) allows us to reduce to the case of a normal element p G R such that 
Rp is a prime ideal. If p is an associate of an ^-eigenvector, then Rp is a height one 
%-prime ideal of R. In this case, Rp = Rp' for some %-prime element p', and we are 
done. Thus, we may assume that p is not an associate of any %-prime element. Since 
Rp is a height one prime ideal of R, it thus cannot contain any 'H-prime elements. 

Let X be the multiplicative set generated by the set of '%-prime elements of R, and 
set T = RX^ 1 . As in the proof of Theorem 12.31 %(T) is a commutative UFD, and 
contraction and extension provide inverse bijections between SpecT and Spec iJ(T). 
Since Rp is a prime ideal containing no %-prime elements, and these elements are all 
normal, it follows that Rp is disjoint from X. Consequently, Tp is a height one prime 
ideal of T. Thus, Tp = Tp' for some p' G %(T), and p = p't for some unit t G T. We 
claim that t = cuiu^ 1 for some unit c of R and some u\,U2 G X. Then c~ 1 pu2 = p'u\, 
and there exist hi, h-z G H such that uia = hi{a)ui for all a G R. Now 

c~ 1 ph2(a)ii2 = c~ 1 pii2Ci = p'u\a = h\(a)p'ui = h\{a)c^ 1 pu2 

for all a G R, and thus c~ 1 pb = hih^ 1 (b)c~ 1 p for all b G R, proving that c~ 1 p is 
%-normal. 

It remains to show that any unit t G T must have the claimed form. Write t = au^ 1 
and t~ l = v~ l b for some a, b G R and u, v G X. In view of Proposition 12.4( c). we 
may assume that a and u have no %-prime common divisors, and that b and v have no 
%-prime common divisors. From the equation v~ 1 bau~ 1 = 1 in T, we obtain ba = vu 
in R. By Proposition 12. 4( b). u \ b and v \ a, say b = ub' and a = a'v for some a' , 6' G i?. 
Since u and v quasi-commute (because both are 'H-normal ^-eigenvectors), we conclude 
that b'o! is a nonzero scalar. Consequently, a' is a unit in R, and therefore t = a'vu~ l 
has the desired form. □ 

Recall the definition of the normal subalgebra M{R) of a K-algebra R. We have the 
following fact concerning the normal subalgebra of an %-UFD R. 

Proposition 2.6. Let R be a noetherian %-UFD for a "K-torus H acting rationally on 
R by M.-algebra automorphisms. Then J\f(R) is precisely the subalgebra of R generated 
by the prime H- eigenvectors and the units of R. 

The condition that H is a K-torus acting rationally on R by algebra automorphisms 
means that R is graded by the free abelian, and therefore totally ordered, character 
group X(H), and implies that all units of R are %-eigenvectors. If, in addition, the 
group of units of R is reduced to scalars, then Proposition 12.61 states that J\f(R) is the 
(unital) subalgebra of R generated by the prime ^-eigenvectors in R. 

Proof. Obviously the subalgebra of R generated by the prime %-eigenvectors and units 
of R is a subalgebra of M(R). For the opposite inclusion, let u G R be a nonzero normal 
element. By [21, Proposition 6.20], 

u = ui H hu n 

where u±, . . . ,u n are nonzero normal ^-eigenvectors with distinct eigenvalues and by 
Proposition 12.2( a) each of them is either a unit or a product of prime ^-eigenvectors in 
R. □ 

We finish this section with a word on notation. 
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Remark 2.7. Let R be a K-algebra with a rational action of a K-torus T~L by K-algebra 
automorphisms. Equivalently, R is equipped with an X(%)-grading (e.g., [U Lemma 
II. 2. 11]). An element of R is an ^-eigenvector if and only if it is nonzero and X(H)- 
homogeneous. Throughout the paper we will use the term homogeneous prime element 
of R instead of prime Ti- eigenvector since this is more suggestive from a ring theoretic 
perspective. The term homogeneous will always mean X (H)- homogeneous. The latter 
term will only be used in cases when the dependence on the underlying torus 7~L has to 
be emphasized. 

3. From prime elements of B to prime elements of B[x;a,5] 

3.1. General assumptions. Throughout Sectional we work in the following setting: 

• B is a K-algebra with a rational action of a K-torus % by K-algebra automor- 
phisms. 

• B is an %-UFD {recall Subsection \2.2\f . 

• R = B[x;o~, 5] is a skew polynomial algebra, equipped with a rational action ofH 
by "K-algebra automorphisms, extending the action ofH on B. 

Consider the following conditions: 
(Cxi) B is noetherian. 
(Cx2) 5 is locally nilpotent. 

(Cx3) B is Ti-stable and x is an Ti-eigenvector. If this holds, let A € X(H) denote the 
H- eigenvalue of x. 

(Cx4) There exists h € Ti such that (h -)\B = o~ o,nd x is an h Q - eigenvector with 
h -eigenvalue A which is not a root of unity. 

(Cx5) AWH-prime ideals of B are completely prime. 
Of course, if (Cxi) holds, then R is noetherian as well. 

Conditions (Cxl)-(Cx5), together with the assumption that B is a K-algebra domain, 
mean that R is a Cauchon extension in the sense of [15] Definition 2.5]. (The g-skew 
condition in that definition holds automatically, due to the following observation.) If 
(Cx4) holds, then, by applying h a to the equations xa = a(a)x + 5(a) for a £ B, we 
see that A x<r(a) = <7 2 (a)A x + a5(a); comparing this with xa(a) = a 2 (a)x + 5a(a), we 
conclude that 

(3.1) a5(b) = X 5a(b) V6 G B. 
Similarly, if (Cx3) holds, we see that 

(3.2) (h-)\ B 5 = X(h)5{h-)\ B VheTL 

By [151 Proposition 2.9], if conditions (Cxl)-(Cx5) are satisfied, then R is an %-UFD. 
The goal of this section is to obtain an explicit description of the set of homogeneous 
prime elements of R in terms of the homogeneous prime elements of B. 

If u € B a nonzero normal element, then the corresponding automorphism of B will 
be denoted by 

(3.3) (p u G Aut(.B), where ub = (p u (b)u, V6 € B. 

3.2. Degree one homogeneous prime elements of R and properties of the skew 
derivation 5. Denote by E the multiplicative set generated by all homogeneous prime 
elements of B. The set E is an Ore subset of B. Since o~(E) = E, this set is also an Ore 
subset of R, and 

RIE- 1 ] = B[E- l )[x;a,5] 
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for the canonical induced actions of a and 5 on B[E~ l \. Since B is an %-UFD, every 
%-prime ideal meets E and thus B^E^ 1 ] is ^-simple. 

We will need the following result which is a special case of [H Lemma II. 5. 10]: 

Lemma 3.1. Assume (Cxi), (Cx3) and (Cx4). If in the above setting BlE^ 1 ] is not 
H-simple, then there exists a unique homogeneous element d G £>[.E _1 ] such that d = 
or d has the same X(H)- degree as x and 

6(b) =db- a(b)d for all b G B[E~ 1 ]. 

Moreover, R[E~ 1 ](x — d) is the only nonzero %-prime ideal of RlE^ 1 ]. 

Corollary 3.2. Assume that (Cxi), (Cx3) and (Cx4) are satisfied. Then all homo- 
geneous prime elements of R = B[x;o~, 5] have degree at most 1 in x. Up to taking 
associates, there is at most one homogeneous prime element of R which does not belong 
to B (i.e., has degree 1 in x). 

Proof. If v is a homogeneous prime element of R such that v ^ B, then v is a ho- 
mogeneous prime element of RlE^ 1 ]. Thus, R[E~ l \ is not ^-simple, so there exists 
d G BlE^ 1 ] as in Lemma 13. 11 and v is an associate of the prime element x — d € R\E~ l \ 
(as prime elements of RlE^ 1 ]). This implies that v has degree at most 1 in x. Since Rv 
is a prime ideal of R disjoint from E, we have 

Rv = (RlE-^v) HR = (RiE'^x - d)) n R. 

If w is any other homogeneous prime element of R that is not in B, the same argument 
as above shows that 

Rw= {R[E-\x - d)) HR, 
and therefore Rw = Rv. □ 

We finish this subsection with some properties of locally nilpotent skew derivations 
of an rl-\JFD. 

Lemma 3.3. Assume (Cx2)-(Cx4). 

(a) If a G B such that 5(a) G aB or 5(a) G Ba, then 5(a) = 0. 

(b) If 5 is an inner a -derivation, i.e., there is some c G B such that 5(b) = cb — o~(b)c, 
V6 G B, then 5 = 0. If, in addition c is a homogeneous element of B of degree X, then 
c = 0. 

Proof, (a) By assumption, 5 is locally nilpotent and a 5 = \ 5a with A not a root of 
unity. The result is thus given by |191 Lemme 7.2.3.2]. 

(b) Write c = cq + ■ ■ ■ + c m where the q are homogeneous elements (possibly zero) 
of B of distinct X(%)-degrees and /^o = A. If b G B is homogeneous of degree p, 
then 5(b) is homogeneous of degree Xp by (|3.2p . On the other hand, each o L b — a(b)ci is 
homogeneous of degree pip, so 5(b) = c$b — a(b)co. Since this holds for all homogeneous 
b G B, it holds for all b G B. Now 5(co) = Cq — (h a ■ cq)cq = (1 — A )cq. Part (a) implies 
that 5(co) = 0. Since A ^ 1, it follows that c\ = and so Co = 0. Thus, 5 = 0. □ 

Remark 3.4. Although we will not need this, we note that the second statement in 
Lemma l3.3f b) holds under the weaker assumption that c is a <7-eigenvector. The proof 
of this fact is the same. 
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3.3. Inducing prime elements of R = B[x;a, 5] from prime elements of R. Next 
we construct a homogeneous prime element of R = B[x;a,5] for each homogeneous 
prime element of B. 

Assume that R = B[x;o~, S] and % satisfy the conditions (Cxl)-(Cx4). Then the set 
{x n j n G Z>o} is an Ore subset of R (e.g., Lemme 2.1]). Consider the Cauchon map 

(3.4) 9:B^ Rix- 1 ] given by 9(b) = 1 °\ [5 m a~ m (b)}x-' m , 

m=0 ^ A °' 

where A £ IK* is the element from (Cx4) and [m] q = 1 + • • • + q m ~ l , [m] q l = [0] q ■ ■ ■ [m] g 
are the standard g-integers and factorials. The %-action on R induces an "H-action on 
and the map 9 is %-equivariant Lemma 2.6]. Denote B' := 9(B). Cauchon 
Section 2] proved that 9 : B — > B' is a IC-algebra isomorphism and that i?[x _1 ] = 
B f [x^', a] for the extension of a to an automorphism of i?[i? _1 ] (preserving B') given 
by a = (h -). 

For an ideal J of R denote the ideal of its leading coefficients 

lc( J) := {b e B | 3a G J, me Z> such that a — bx m G Bx m ~ x + • • • + B}. 

Lemma 3.5. Assume (Cxl)-(Cx4). If J is anT-L-invariant ideal of B, then 9(J){x zizl ]nR 
is an T-L-invariant ideal of R and lc(9( J)[x ±:L ] fl R) = J. If J is completely prime, 
then 9(J){x zizl ] n R is completely prime. If J is a height one prime ideal of B, then 
9(J)[x ±1 ] n R is a height one prime ideal of R. 

Proof. The proofs of the first two statements are straightforward and are left to the 
reader. 

For the proof of the last statement, assume that J is a height one prime ideal of B 
for which 9(J)[x ±1 ] fl R is not a height one prime ideal of R. Since R is an '%-UFD 
by Proposition 2.9], there exists a homogeneous prime element p of R such that 
Rp C 9(J)[x ±1 ] fl R. Thus P := Rp is an ^-invariant completely prime ideal of R such 
that 

{0} C P C 9(J)[x ±1 ] HR. 

Furthermore, x ^ 9(J)[x ±l ] C\R since 1 i \c(9(J)[x ±l ) nR) = J, where we used the first 
part of the lemma. Localization with respect to {x m \ m 6 Z>o} leads to 

(3.5) {0} C Plx- 1 } C (9(J)[x ±1 ] n = 9(J)[x ±1 ]. 

But = B'lx^ 1 ; a]. Since P[x _1 ] is is an ^-invariant ideal of i?[x ±:L ;(T], by |15} 

Lemma 2.2] 

Plx- 1 ] = (Plx- 1 } nfi')^ 1 ] 

and ()3.5p implies 

{0} C Plx-^HB' C 9(J). 

This is a contradiction, since P[x _1 ] fl B' is a completely prime ideal of B', and 9( J) is 
a height one prime ideal of B'. □ 

Theorem 3.6. Let R = a, 5] be a skew polynomial algebra, equipped with a rational 
action of a ¥L-torus T~L by algebra automorphisms which leave B invariant. Assume that 
B is an H-UFD and that R satisfies (Cxl)-(Cx5). Let u be a homogeneous prime 
element of B, and let a € K* be such that 

o~(u) = h ■ u = au. 

Then exactly one of the following two situations occurs: 
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(i) The element u remains a prime element of R. 
In this case, u quasi- commutes with x via 

ux = a~ l xu. 

Furthermore, 

5(u) = and 6{uB)[x ±l ] n R = uR. 

(ii) There exists a unique element d Q G B such that v := ux — d Q is a homogeneous 
prime element of R {in particular u \ d a ). 

In this case, 5 is given by 

(3.6) 5{b) = {u- l d )b-a{b)( U - l d ), Mb € B, 
and v normalizes the elements of R as follows: 

(3.7) vx = a _1 xv, vb = (<p u a(b))v = <p u (h a ■ b)v, V6 € B, 
cf. (|3.3p . Furthermore, 

ud Q = (a\ )~ d u, 5(u) = a(X — l)d , 

5(d ) = 0, diu^do) = -(Ao - lJCu^do) 2 , 

and 

0{uB)[x ±1 }C\R = vR. 

We note that by Corollary 13.21 the situation (ii) cannot simultaneously occur for two 
homogeneous prime elements v of R which are not associates of each other. 

Proof. By Lemma 13.51 0(ni?)[x ±1 ] H R is a height one W-prime ideal of R and by [15} 
Proposition 2.9] R is an %-UFD. Therefore there exists a homogeneous prime element 
v of R such that 

(3.8) 6{uB)[x ±1 }C\R = vR. 

It follows from Corollary 13.21 that the degree of v with respect to x is at most 1 . Thus 
exactly one of the following two cases holds: (1) v G B or (2) the degree of v with 
respect to x equals 1. First we prove several facts for the two cases simultaneously and 
then proceed with the rest separately. 

Denote the leading coefficient of v (as a left polynomial in x with coefficients in B) 
by u'. The first part of Lemma 13.51 implies 

uB = \c(Q{uB)\x ±x \ HR)= lc(vR) = u'B. 

Therefore u' is a homogeneous prime element of B which is an associate of u (in B). 
Thus, after multiplying v by a unit of B we can assume that 

(3.9) v! = u. 
Denote 

0(u) = u + c-ix" 1 H h c_ m x~ m 

for some m S Z>o, c_i, . . . , c_ m S -B, c_ m 7^ 0. Let i be the degree of v as a polynomial 
in x with coefficients in B (i.e., i = in case (1) and i = 1 in case (2)). It follows from 
(ELI and the definition (GO} of that 

i 

x l 



(3.10) v = ^0(tia z ) 



l=n 
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for some n G Z and ai G B such that n < i, ctj = 1, and a n 7^ 0. Since 8(u)x m G 
6>(u J B)[x ±1 ] ni?, equation ([3SD and the fact that iZfor 1 ] = J B'[x ±1 ; a] (where = 9(B)) 
imply 

m 2 

(3.11) #(u)x m =v( 8(bi)% 1 ) 

l=mi 

for some mi < 1712 G Z and bi £ B such that 6 mi 7^ and 6 m2 7^ 0. Let us substitute 
(I3.10P in (I3.11|) and compare the coefficients of the powers of x, keeping in mind that 
i?[x _1 ] = -B'far^ 1 ; a]. Since B' is a domain, we obtain n = i, m\ = 7712, i + m2 = m, and 

fl(n)x m = 9(u)x i 8(b m2 )x m2 . 

The ^-equivariance of the map 8 : B ^ B' implies u = ua z (b m2 ). Thus, b m2 = 1 and 

(3.12) v = e(u)x\ 

Case (1). Equations f|3.9|) and (|3.12p imply that in this case v = u. It follows from 
the definition (|3.4p of the map 6 and equation ()3. 12j) that 5(u) = 0. Hence, 

xu = a(u)x = aux. 

Case (2). By (|3.9p . in this case v = ux — d a for some d £ -B. Since u is a normal 
element of R = B[x; a, S], 

vb= (ip u a(b))v, V6 G 
By a straightforward computation, this implies that 5 is given by 

(3.13) 5(b) = (u^do^ - a(b)(vr l do), V6 G 5. 
Invoking (I3.12p and using the definition (13. 4p of the map 9, we obtain 

ux — d = v = 9(u)x = ux — (A — l) _1 (5cr _1 («)). 
and S 2 (u) = 0. Hence, 

5(n) = a(A — l)d and 5(d Q ) = 0. 

Again by a direct computation, one obtains from the first equation and the formula 
(pTL3D for 5 that 

ud Q = (aA ) _1 fi n. 

Since v is X('H)-homogeneous, cr(u _1 d ) = X (u~ 1 d ), and hence cr((io) = ot\ d . It 
follows at once from ()3. 13|) that 5(u~ l d Q ) = — (A — l)(u _1 d ) 2 - Using the formulas for 
5(u) and 5(d ), again by a direct computation one obtains 

xv = avx. 

The situation (ii) cannot occur for two different elements d a and d' D , since in such a 
case ux — d a and ux — d' Q would be two homogeneous prime elements of R \ B which are 
not associates, thus contradicting Corollary 13.21 

We have shown that case (1) implies situation (i) together with the stated additional 
conditions, and that case (2) implies situation (ii) together with its stated additional 
conditions. It remains to show that situations (i) and (ii) cannot occur simultaneously. 
This will follow from showing that 5(u) = in situation (i) while 5(u) ^ in situation 
(ii). 

Assume situation (i), that is, it is a prime element of R. The element xu = aux + 8(u) 
must then lie in uR, whence 5(u) G uB. This implies 5(u) = by Lemma l3.3f a). 

Finally, assume situation (ii), that is, there is a homogeneous prime element v = 
ux — d in R, for some d Q G B. In particular, d ^ 0, and formula (j3.6j) holds. Since 
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u~ 1 v = x — u~ 1 d a is a homogeneous element of R[E~ l \, it must have the same X{H)- 
degree A as x, and so cr(u _1 <io) = \ u~ 1 d . Hence, a(d a ) = a\ d . Siince vd Q = 
a\ ud x — d% lies in Rv, we must have vd = d v, whence a\ ud = d u. Applying 
(j3.6|) to u, we conclude that 5(u) = a(X — l)d ^ 0. 

This completes the proof of the theorem. □ 

3.4. A classification of the homogeneous prime elements of B[x;a, 5]. By [T5| 
Proposition 2.9] if the conditions (Cxl)-(Cx5) are satisfied and B is an %-UFD, then 
R = B[x;a, 5] is an %-UFD. The following theorem classifies the homogeneous prime 
elements of R. 

Theorem 3.7. Let R = B[x; a, 5] be a skew polynomial algebra, equipped with a rational 
action of a M>-torus rl by algebra automorphisms which leave B invariant. Assume 
that B is an ri-UFD and that R satisfies (Cxl)-(Cx5). Let {ui \ i £ /} be a list 
of the homogeneous prime elements of B up to taking associates. Then there are the 
following three possibilities for a list of the homogeneous prime elements of R up to 
taking associates: 

(i) {ui \i £ I,i^i }U {vi Q := Ui x — d } for some io £ / and d Q G B such that u^d 
is a nonzero homogeneous element of B[u^} with the same X(7i)-degree as x. 

(ii) {ui\i e L}U{x}. 
(hi) {ui\iel}. 

We prove Theorem 13.71 at the end of this subsection. 

The next proposition describes the automorphisms corresponding to all homogeneous 
prime elements of R in Theorem 13.71 and the relationship of the skew derivation 5 to the 
homogeneous prime elements of B and R. It is a direct consequence of Theorem 13.61 and 
its proof is left to the reader. 

Proposition 3.8. Assume the setting of Theorem 13.71 For i € /, let ai £ K* be such 
that o~(iii) = h Q ■ Ui = ctiUi. Then the following statements hold: 

(a) In case (i) of Theorem \3.7\ we have 

5(b) = {u7 l d )b - a(b)(u£do), V6 G B, 
5(ui) = 0, Vi £ I\ {i }, 6(u io ) = a io (X - l)d ^ 0, 

and 

u io d = (a io \ )~ 1 d u io , 5(d o ) = 0, ^li" 1 ^) = -(A - \){u^d ) 2 . 
Furthermore, 

nix = a^xui, Vi £ I \ {i }, v io x = a~^xv io , and 
Vi b = (tPu iQ o-(b))v io = ifu, (h ■ b)v io , V6 £ B. 

(b) In case (ii) of Theorem \3.7\ we have 5 = 0, 

xb = a(b)x, V6 £ B and UiX = a~ 1 xui, Mi £ I. 

(c) In case (hi) of Theorem 13 .71 we have 5^0, 

5(ui) = and UiX = a^xui, Vi £ I. 

Remark 3.9. In Theorem 14.21 we prove that the situation (hi) in Theorem 13.71 can 
never occur when B is a CGL extension. While we do not know an example when this 
situation can be realized, it appears to be difficult to rule it out in the generality of 
Theorem 13.71 
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We will need the following lemma for the proof of Theorem 13.71 

Lemma 3.10. If u G B is a prime element of R = B[x;a, 5], then u is a prime element 
ofB. 

Proof. The lemma follows from the fact that under the above assumptions, u is normal 
in B and uB = (uR) fl B is a completely prime ideal of B. □ 

Proof of Theorem 13.71 By Theorem 13.61 for each i S /, exactly one of the following two 
situations occurs: 

(*) Ui remains a prime element of R, or 
(**) there exists d a € R such that Vi := UiX — d a is a homogeneous prime element of 
R. 

Corollary 13.21 implies that the situation (**) cannot occur for two different indices 
i E I. Thus we have two cases: 

(1) For all i G /, (*) is satisfied. 

(2) For some i = io £ I, (**) is satisfied, and for alH £ / \ {io}, (*) is satisfied. 
Note that it is possible that I = 0, in which case (1) holds. 

Case (1). By Theorem 13.61 in this case 5(ui) = for all i S /. It follows from Lemma 
13.101 that every homogeneous prime element of R of degree in x is an associate of one 
of the elements Ui for some i £ /. Again by Corollary 13.21 R has no homogeneous prime 
elements of degree strictly greater than 1, and up to taking associates, R has at most 
one homogeneous prime element of degree 1. Suppose that an element of the latter form 
exists, and denote it by ux — d where u is a homogeneous normal element of B. Set 
d := u~ 1 d a . This is a homogeneous element of BlE^ 1 ] of degree A. 

If u is a unit of B, then x—d is a normal element of R. Hence, 5 is an inner cr-derivation 
of B, 

(3.14) 5(b) = db - a(b)d, V6 € B. 

By Lemma 13.31 (b) . d = 0. Furthermore, 5 = and we are in the situation (ii). 

If u is not a unit of B, then after multiplying u by a unit of B we can assume that 
u is equal to a product of lij's (with at least one term). Theorem 13.61 implies that in 
this case 5(ui) = 0, Vi S / and thus 5(u) = 0. Moreover, 5 is still given by (I3.14D and 
5(u) = is equivalent to ud = a~ 1 du, where a € K* is such that a(u) = au. It follows 
from (I3.14p that x — d is a normal element of R[E~ l ] and more precisely 

(x-d)b = a(b)(x-d), V6 £ B[E~^]. 

Using this and the property ud = a~ 1 du, we obtain 

(3.15) (ux — d Q )x = u(x — d) [(x — d) + d] = [a _1 (x — d) + a -1 X d]u(x — d) 

= a -1 [x + (A — l)d] (ux — d ). 

This is a contradiction since d ^ B and A ^ 1. Therefore in this subcase B has no 
homogeneous prime elements of degree one in x and we are in the situation (iii). 

Case (2). Lemma 13. 101 implies that every homogeneous prime element of R of degree 
is an associate of one of the elements ut for some i G J, By Corollary 13.21 R has 
no homogeneous prime elements of degree greater than 1 and all homogeneous prime 
elements of R of degree 1 are associates of Ui x — d - It follows from Theorem 13.61 that 
the element Ui € R is not prime since the two cases in that theorem are mutually 
exclusive. Thus, in this case we are in the situation (i). □ 
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3.5. From B to B[x;o~, 5] for strong "H-UFD's. We complete this section with a 
treatment of the passage from B to R = B[x;a, 5] in the case when B is a strong 
-H-UFB. 

Theorem 3.11. Let R = B[x; a, 5] be a skew polynomial algebra, equipped with a rational 
action of a K-forus TI by algebra automorphisms which leave B invariant. Assume that 
B is a strong Ti-UFD and that R satisfies (Cxl)~(Cx5). Assume that if 5 = 0, then for 
every £ G K* there exists t £ T~L such that (t-)l-B = ids and t-x = £x. Then R is a strong 
U-UFD. 

Let {ui | i £ /} be a list of the H-prime elements of B up to taking associates, and 
let ti G H be such that 

Uib = (U ■ b)ui, Mb £ B. 

Let ai,^ G K* be such that a(ui) = h ■ ui = OiUi and ti ■ x = ^x. Then there are three 
possibilities for a list of the Ti-prime elements of R up to taking associates exactly as in 
cases (i)-(iii) of Theorem \3.7[ 
In case (i) ; 

(3.16) UiC = (ti ■ c)ui, Mi G I\ {io}, c £ R and Vi c = (ti h o ■ c)vi , Mc £ R. 

In case (ii), for every i £ / there exists t\ £ Ti such that (^-)|b = ids and t ■ • x = 
(oLi£,i)~ l x ■ There also exists t £TL such that = idg and t-x = \~ ~ 1 x. Furthermore, 

(3.17) UiC = (tit'i ■ c)ui, Mi £ I, c € R, 
and 

(3.18) xc = (h t ■ c)x, Mc £ R. 
In case (hi), 

(3.19) UiC = (U ■ c)ui, Mi £ I, c £ R. 

Proof. Since B is an %-UFD, Theorem 13.71 applies . and since B is a strong %-UFD, we 
may assume that the list {ui \ i G /} of %-prime elements of B is also a complete list 
(up to taking associates) of the homogeneous prime elements of B. Once we show that 
each of the lists in the three cases of Theorem 13.71 consists of ^-normal elements of R, 
we will have established that R is a strong %-UFD and will have verified the statement 
in the second paragraph of the theorem. Thus, all we need to prove is the validity of 
equations (l3J6]l - (j3TT9]l . 

Equations (I3.17D and (I3.18P are straightforward, in light of Proposition 13.8( b). and 
are left to the reader. 

By Proposition 13.8( a) . equation (I3.16P is equivalent to showing 

OiX(ti) = 1, Mi £ I \ {0} and a iQ \ \(ti Q ) = 1 

in case (i). Using the fact that u~^d has X(%)-degree A (which follows from the 
homogeneity of Vi = Ui x — d ) and Theorem 13.6} we obtain that for all i G I\ {io}, 

= 5(ui) = (u~^d )ui - aiUi(u~^d ) = (A(^) _1 - a.i)uiU^d . 

Thus, cti\(ti) = 1. Similarly, 

a io (X - l)d = 5(u io ) = (u~^d o )u i0 - a io Ui (u^d ) = (A(t io ) _1 - a k) )d 

and ai Q \ o X(ti ) = 1. 
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Finally, we consider case (iii). Applying Proposition I3.8f c). we see that (|3,19p is 
equivalent to 

(3.20) ai\{U) = 1, Vi G I. 

Since 5^0, there exists a homogeneous element b of B such that 5(b) ^ 0. Denote its 
degree by fi G X(%). Fix i G I. Acting by 5 on the equality Uib = ^(t^bui and taking 
into account that 5(u{) = and a(ui) = oiiUi leads to 

(3.21) a iUi 8(b) = n{ti)5{b)ui. 

On the other hand, 5(b) is homogeneous of degree X/i by (|3.2p . Thus 

(3.22) Ui 5(b) = \(ti)n(ti)6(b)ui. 

Combining equations ()3.21[) and ()3.22j) . and using that B is a domain and 5(b) ^ 0, 
leads to 

a£~V(*t) = X(ti)fJ-(U). 

This implies (|3.20p and completes the proof of the theorem. □ 

4. Homogeneous prime elements and normal Gelfand-Tsetlin 
subalgebras of cgl extensions 

4.1. Induction on homogeneous prime elements of CGL extensions. Consider 
an iterated skew polynomial extension of length N, 

(4.1) R := K[xi][x 2 ;o-2,5 2 ] • • • [x N ;a N ,5 N \. 

For k G [0, N], denote the k-th algebra in the chain := K[xi] [x2] 02, 82] • • • [aJfcj Sk\- 
Thus, Ro = K and Rn = R- 

Definition 4.1. An iterated skew polynomial extension R as in (|4.ip is called a Cauchon- 
Goodearl-Letzter (CGL) extension \15\ Definition 3.1] if it is equipped with a rational 
action of a K-torus H by K-algebra automorphisms satisfying the following conditions: 

(i) For all 1 < j < k < N, ak(xj) = ^kjXj for some Xkj € K*. 

(ii) For every k € [2, iV], 5k is a locally nilpotent ovderivation of Rk-i- 

(iii) The elements xi, . . . ,xn are ^-eigenvectors. 

(iv) For every k G [1, iV], there exists hk £ H such that hk • Xk = XkXk for some 
Afc G K*, which is not a root of unity, and hk ■ Xj = XkjXj, for all j G [1, fc — 1] 
(i.e., Ok = (h^) as elements of Aut(i?fc_i), for all k G [2, N]). 

These conditions are chosen in such a way so the methods of [13] produce a finite 
stratification of Spec R by spectra of (commutative) Laurent polynomial rings and the 
deleting derivation method of [5] for studying Spec R is applicable. 

For all CGL extensions R, the equality Cfc^fc = \k$k°~k holds for k G [2,iV], just as 
in (|3.ip . Moreover, R^ = Rk—\[xk', o~k, 5k] is a Cauchon extension, for all k G [l,iV]: 
Conditions (Cxl)-(Cx4) are clear, and (Cx5) holds by [131 Proposition 4.2]. Thus, all 
%-prime ideals of the algebras R±, . . . , Rn are completely prime. 

The group of units of an iterated skew polynomial extension ii! is reduced to scalars. 
Thus, two prime elements of R are associates if and only if they are scalar multiples of 
each other. By [15\ Proposition 3.2, Theorem 3.7], every CGL extension is an K-UFD, 
and every torsionfree CGL extension is a UFD, where the latter property means that 
the subgroup of K* generated by {A/y | 1 < j < k < N} is torsionfree. We address the 
strong %-UFD property in the following section. 
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The next theorem describes the homogeneous prime elements of R = Rn iteratively 
from those of Rn-i- It proves that the situation (iii) from Theorem 13.71 never arises in 
the framework of CGL extensions. 

Theorem 4.2. Let R be an arbitrary CGL extension of length N as in (|4.ip . The 
following hold: 

(a) Let {ui | i G /} be a list of the homogeneous prime elements of Rn~i up to scalar 
multiples. There are two possibilities for a list of the homogeneous prime elements of R 
up to scalar multiples: 

(i) {ui | i G I \ io} U {ui XN — d } for some io G / and d Q G Rn-i such that u~^d 
is a nonzero homogeneous element of Rn-i[u^] with the same X(TL)-degree as 
x N . 

(ii) {ui | i G /} U {x N }. 

(b) Let h G ~H, cr := (h-) G Aut(i?), and 5 be a locally nilpotent a -derivation of R 
such that o~5 = q5o~ for some q G K* which is not a root of unity. If 

(4.2) 5(u) = for all homogeneous prime elements u of R, 
then 5 = 0. 

The proof of Theorem 14.21 will be given in subsection 14.31 

It follows from Theorem 13.71 (or Theorem I4.2p that a CGL extension R has only a 
finite number of pairwise nonproportional homogeneous prime elements. We will denote 
this number by n and call it the rank of R. The rank of R also equals the number of 
%-prime ideals of height 1 in R. 

For each k G [1,-W], Theorem 14.21 in combination with Proposition 13.81 implies that 
ranki?fc = ranki?fc_i if 5k ^ 0, while rank R^ = xankRk-i + 1 if 5^ = 0. Thus, 

(4.3) ranki? fc = \{j G [l,k] \ 5j = 0}|, Vfc G [1,N]. 

4.2. Structure of CGL extensions. Given a function fi : [1,N] —> [l,n], we define 
predecessor and successor functions 

p = Vtl : [1, N] -> [1,N] U {-oo}, s = Sfl : [1,N] -> [1, N] U {+00} 

for the level sets of \i by 

J max{j < k I fi(j) = fJ.(k)}, if 3j < k such that = n(k), 
\p(k) = — 00, otherwise 



(4.4) p{k) 
and 

(4.5) s{k) 



min{j > k \ = fJ,(k)}, if 3j > k such that ^(j) = fi(k), 
s(k) = +00, otherwise. 



Theorem 4.3. Let R be a CGL extension of length N and rank n as in (|4.ip . There 
exist a surjective function : [l,iV] — > [l,n] and elements 

dk G Rk-i for all k G [2,^] with p(k) 7^ —00 

such that the elements yi, - ■ ■ ,Un G R, recursively defined by 

\y P (k)Xk ~ d k , if p(k) / -00 
[Xk, if p(k) = -00, 



(4.6) y k :-- 
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are homogeneous and have the property that for every k G [l,iV], 

(4.7) { Vj \je[l,k], s(j)>k} 

is a list of the homogeneous prime elements of Rk up to scalar multiples. 

Proof. We define fj, : [l,k] -» [l,ranki?fc] and elements dk G Rk-i (when p(k) ^ — oo) 
for k = 1, . . . , N. At each step, the new function \i will be an extension of the previous 
one, and so the corresponding new predecessor function p will also be an extension of 
the previous one. However, the successor functions may change, so we will write Sk for 
the successor function going with fi on [l,k]. 

To start, set fi(l) := 1. Note that p(l) = — oo and si(l) = +oo. Moreover, y\ := xi 
is the unique homogeneous prime element of R\ up to scalar multiples. 

Now let 1 < k < N, and assume that /i has been defined on [1, k — 1], together with 
elements dj G Rj-i for j G [1, A; — 1] with p(j) ^ — oo and yj G Rj for j G [1, k — 1], such 
that the desired properties hold. In particular, {yj | j G [1, k — 1], Sk-i(j) > k} is a list 
of the homogeneous prime elements of Rk-i up to scalar multiples. There are two cases 
to consider, corresponding to cases (i), (ii) of Theorem 14.2( a). 

In the first case, there is some jo G [l,k — 1] such that Sk-i(jo) > k and some 
dk G Rk-i such that 

(4.8) {yj | j G [1, k - 1], j ^ jo, Sk-i(j) > k} U {y jo x k - d k } 

is a list of the homogeneous prime elements of R k up to scalar multiples. In this case, 
ranki?^ = rank and we extend /j to a function [l,k] -» [l,ranki?^] by setting 
fi>(k) = jo- Since s fc _i(j ) > fc, we see that p(k) = j , and so y k := y jo x k - d k . It is 
easily checked that the set (I4.8D equals ()4.7p . 

In the second case, {yj \ j G [1, k — 1], Sfc_i(j) > A;}U{xfc} is a list of the homogeneous 
prime elements of Rk up to scalar multiples. In this case, we set /j,(k) = rank Rk and 
readily check the desired properties. □ 

Theorem 14.31 implies that the rank of each intermediate CGL extension Rk is equal 

to 

|m([i,*])|. 

The set (|4.7p of pairwise nonproportional homogeneous prime elements of R k can be 
also written as 

{ymax( M -i(j)n[i,fe]) I i G ^(I 1 ^])}- 

If R is a strong "H-UFD, then using Theorem 13.111 one easily describes the elements 
of % which induce the automorphisms of each R k corresponding to the homogeneous 
prime elements ()4.7p of R k - We leave the details to the reader. 

The following examples illustrate Theorem 14.31 

Example 4.4. Let q G K* be a non-root of unity, and r G Z>o- Let R be the K-algebra 
given by generators x\, x%, X3 and relations 

x 2 xi = qx\X2 + 1, X3X1 = £/ -1 xiX3 + x r 2 , X3X2 = qx 2 x 3 . 

As noted in case 9 of [19^ Proposition 7.2.3.3], R is an iterated skew polynomial ring 

R = K[x 1 ][x2;o-2,S 2 ][x3;a 3 ,S 3 ]. 

There is a rational action of the rank one torus rl = K* on R by IC-algebra automor- 
phisms such that 

a.x\ = axi, a.x 2 = a~ 1 X2, a.x 3 = Q~ r ~ 1 X3 
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for a € Ti. It is easily checked that R is a CGL extension. For later reference, we note 
that ill is not symmetric in the sense of Definition 16. 2| since there is no element h[ € % 
such that h[ ■ X2 = q~ 1 X2 and h[ ■ X3 = qx^. 

The elements y k of Theorem 14.31 can be given as follows: 

Vl = xi, y 2 = 2/1X2 - (1 - <?)~\ y-i = V2X3 - (<f +1 - l)" 1 ^ 4 " 1 . 

For each k = 1, 2, 3, the element is the unique homogeneous prime element of R k up 
to scalar multiples, and so R k has rank 1. We leave the calculations to the reader. 

Example 4.5. Let g be a finite dimensional simple Lie algebra and U q {g) be the cor- 
responding quantized universal enveloping algebra over a base field K of arbitrary char- 
acteristic for a deformation parameter q € K* which is not a root of unity. Denote the 
rank of U q {g) by r. Let Ei, Fj and if^ 1 , i € [l,r] be the standard generators of U q (g) 
as in [4J. Denote by U + and U~ the subalgebras of U q {g) generated by E\, . . . , E r and 
Fi, . . . ,F r , respectively. De Concini-Kac-Procesi [9] and Lusztig |16| defined a family 
of subalgebras [w] of indexed by the elements w of the Weyl group of g which in 
the case K = C are deformations of the coordinate rings of the corresponding Schubert 
cells equipped with the standard Poisson structure. There is a canonical action of a 
K-torus T~L of rank r on U q {g) that preserves all of the subalgebras U^lw]. For each 
reduced expression of w, there is an iterated Ore extension presentation of U^lw] and 
this is a CGL extension presentation [IS]. For later reference, we note that the part of 
the proof of |21|, Lemma 6.6] between equations (6.7) and (6.8) implies that W^fw] sat- 
isfy the hypotheses of Theorem 15. 11 Because IA [w] satisfy the Levendorskii-Soibelman 
straightening law, these algebras are symmetric CGL extensions in the terminology of 
Section [6] 

The X(%)-homogenous prime elements of W^iu] were explicitly described in [21, 
Theorem 6.2(i)]. This theorem in particular implies that the rank of lA^[w\ equals the 
cardinality of the support of the Weyl group element w (the set of simple roots on such 
that the corresponding reflection s, appears in one and thus in any reduced expression 
of w). The recursive nature of the X(%)-homogenous prime elements of £^[1/;] was 
proved in [10} Proposition 3.3] which together with |21|. Theorem 6.2(i)] established the 
validity of Theorem 14.31 for the quantum Schubert cell algebras U [w]. The proofs of 
both results in [10} [21] used in an essential way the second realization of the algebras 
Z/Z^fu;] in terms of quantum function algebras from [20, Theorem 3.7] and Drinfeld's 
iZ-matrix commutation relations, while our proof of Theorem 14.31 directly relies on the 
iterated Ore extension structure of the algebra in discussion. 

Theorem 14.31 has important consequences for the structure of all CGL extensions R. 
In particular, it can be used to describe explicitly the normal subalgebra ftf(R) and the 
normal Gelfand-Tsetlin subalgebra MQT{R) of R, cf. the introduction for definitions. 
Recall that a matrix q := (qjk) G Mn(K*) is called multiplicatively skew symmetric if 

QjkQkj = Qkk = 1, Vj, k G [1, N]. 
Such a matrix gives rise to the quantum affine space algebra 
(4.9) ^:=O q (K^)- K(Y U ...,Y N ) 



(YkYj - q kj Y 3 Y k \l<j<k<N) 
and the quantum torus 

(4.10) T q := Oq((K*) N ) = AqJXi 1 , ■■■,Y N 1 }. 

Both Aq and Tq have Gelfand-Kirillov dimension equal to N. 
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The algebra R given by (|4,ip has the K-basis 
(4.11) W ■= x? 1 ■ ■ ■ *T I / := • • • , m N ) G Z^ }. 

Consider the reverse lexicographic order -< on Z> : (m^, . . . , m' N ) -< (mi,...,mjy) if 
there exists j € [l,iV] such that m'- < rrij and = m k , V/c € [j + 1, N]. We will say 
that b €. R \ {0} has leading term t^x? where £ € K* and / € Z> if 

for some £ 9 € K. Denote lt(fe) := £xA It follows from condition (i) in Definition 14. II that 
(4.12) 

it(*v) = (n ) xf+f > v f = ■ ■ ■ > m ^)' /'=«.... ^) e ^> - 

For A; G [l,iV], let k := (mi, . . . , m./v) € Z> be such that mj = 1, if j < A; and 
fi(j) = fJ,(k), and rrij = otherwise. Equation (j4.6l) implies 

(4.13) lt(y fc ) = x ¥ , Vfc€[l,JV]. 

The elements Xj-j , 1 < j < k < N give rise to a unique multiplicatively skewsymmetric 
matrix 

(4.14) A = (Xjk) G Mjy(K*). 
Define the order function 0_ : [1, iV] — > Z>o by 

O-(fc) := max{m G Z> | p m (A;) ^ -co}, 
where as usual p° := id. For j, k G [1, N] set 

(4.15) a kj := ]^[ A^pm^ e I*. 

m=0 

It follows from ()4.13p and the homogeneity of yj (recall Definition 14. that 

<?k(x j ) = a k jx j and a k {yj) = ctkjVj, VI < j < k < N. 

Consider the multiplicatively skewsymmetric matrix q = q(-R) := {qjk) G Mtv(K*) 
such that 

O-U)O-(k) 

(4.16) q jk = Y\ T\ V(i),p m (fc) 

i=0 m=0 

for j, A; G [l,iV]. It follows from Theorem 14.31 and equations (|4.12p . (|4.13p that 

MVkVj) = Qkj HVjVk), Vj, k G [1, N], 

On the other hand, using Theorem 14.31 Proposition 13.81 and homogeneity of yj, we see 
by induction on k that y k and yj quasi-commute for 1 < j ' < k < N. Therefore, 

(4.17) VkVj = qkjVjVk, Vj,ke[i,N]. 

For q = q(-R), we thus obtain a K-algebra homomorphism 

i : Aj -» i? such that t(Y^) := VA; G [1, N], 

and in view of (|4.13p we see that t is injective. It extends to an injective K-algebra 
homomorphism i : Tq — > Fract(i?). We will identify t(-4 q ) and t(7q) with „4 q and 
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Tq. Denote by W q the subalgebra of Aq generated by those yj, j G [1, AT] such that 
S U) = +°°- It is obviously isomorphic to a quantum affine space algebra of dimension 
n. 

Recalling Proposition 12.61 and noting that the units of R are scalars, we obtain the 
following result. 

Theorem 4.6. Let R be a CGL extension of length N and rank n as in Definition 
14.11 and define q = q(-R) via (|4.16p . The normal subalgebra M(R) of R equals the 
quantum affine space algebra Mq of dimension n . The normal Gelfand-Tsetlin subalgebra 
NQT{R) of R corresponding to the canonical chain of subalgebras 

R\ c R 2 c • • • c R N 

equals the quantum affine space algebra Aq of dimension N . Furthermore, we have 
K-algebra embeddings 

AqQRcTqC Eract(fl), 
where Tq is the quantum torus corresponding to Aq. 

Applying Proposition 13.81 to the situation of Theorem 14.31 leads to the following facts 
for the skew derivations 5 k and commutation relations for the homogeneous prime ele- 
ments of R k and the two terms of y k . 

Proposition 4.7. Keep the notation from Theorem \4.3[ Let k G [2, AT]. 

(a) If p(k) = —oo, then S k = 0. 

The automorphisms of R k corresponding to its homogeneous prime elements are given 

by 

yjx k = a^x k yj, Vj e[l,k-l], y k a = cr k (a)y k , Va G Rk-i, 

together with the actions of <p y . on R k -\ for j G [1, k — 1] such that s(j) > k (obtainable 
by recursion). 

(b) If p(k) ^ —oo, then the skew derivation 5 k is nonzero and is given by 

4(a) = V~l k) d k a - a k (a)y~^d k , Va G R k _ 1 

and satisfies 

h(yj) = 0, Vj G [1, k - 1] such that s(j) > k, b~k{y p (k)) = ot kp<yk ){\ k - l)d k / 0, 
Sk(dk) = 0, = -(Afc - l)(y~ ( ft)4) 2 - 

The automorphisms of R k corresponding to its homogeneous prime elements are given 

by 

VjX k = a^x k yj, Vj G [l,k - 1] such that s(j) > k, y k x k = a~^x k y k , 

y k a = (ipy p{k) a k (a))y k = <£>y p{k) { h k • a)y k , Va G R k -i, 

together with the actions of (p yj on R k -\ for j G [l 3 fc— 1] such that s(j) > k (obtainable 
by recursion) . Furthermore, the components y p t k \ and d k of y k satisfy 

y P (k)dk = {ak P {k)^ky 1 dky p {k)- 

Corollary 4.8. Every homogeneous prime element of R quasi- commutes with x\, ■ ■ ■ , xpf. 
More precisely, 

(4.18) yjX k = a^jXkyj Vj,k G [l,N] with s(j) > k. 

Consequently, x k M(R) = M(R)x k for all k G [1, N]. 
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Proof. We just need to establish (|4.18p . since that implies the first statement, and the 
last statement follows from the first because J\f(R) is generated by the homogeneous 
prime elements of R. 

We proceed by induction on I G [1, N], to prove that (|4.18p holds for j, k G [1,1]- The 
case I = 1 is clear, since y\ = x\ and an = An = 1. 

Now let I > 1, and assume (|4.18p holds for j, k G [1,/ - 1]. If j G [1,/ - 1] and 
s(j) > I, then both cases of Proposition |4"771 yield yjXi = a^xiyj. Hence, it just remains 
to consider yi. 

If p(l) = — oo, then yi = xi and 5i = 0. In this case, 

yixk = o-i(x k )yi = hkxuyi = a^x k yi 

for k G [1,1 — 1], while y^i = xiyi = ctuxiyi because an = Xu = 1. Finally, suppose that 
p(l) ^ — oo, and note that an = Xua^ p ^ = ctz lP (z)- Hence, it follows from Proposition 
14.71 (b) that y^i = a^xiyi. Since s(p(l)) = I, our induction hypothesis implies that 
y P (i)Xk = a kl,{i) x kyp(i) for k G [1,1 - 1]. Appealing again to Proposition EJb), we 
conclude that 

yix k = (<Py p{l) o-i(x k ))yi = a^^XikXkyi = a k ix k yi 

for k G [1,1- 1]. 

This completes the induction. □ 

4.3. Proof of Theorem 14.21 Given a positive integer L, we denote by Theorem 14.2( a) 
(L) the validity of the statement of Theorem 14.21 for all CGL extensions R of length 
N < L. Similarly, we define the statements Theorem 14.2( b) (L), Theorem 14.31 (L), and 
Theorem 14.61 (L) . The discussion above shows that 

(4.19) Theorem S^a) (N) =^ Theorems [43] (N) and SSI (-/V). 

The proof of Theorem 14.21 will be completed once the following implications are estab- 
lished: 

(4.20) Theorem H2£b) (N — 1) ==> Theorem Hj^a) (N). 

(4.21) Theorem S^a) (N) Theorem E^b) (N). 

Proof of the implication (|4.20p . We apply Theorem 13.71 to the skew polynomial algebra 
R = Rn-i[xn',0n,5n]- All we need to show is that in this setting, the situation (iii) 
in Theorem 13.71 can never occur. Suppose that situation (iii) does obtain. Then by 
Proposition 13.81 $n(u) = for all homogeneous prime elements u of Rn-i but <5jv ^ 0. 
However, this contradicts Theorem 14.2( b) (N — 1). □ 

Our proof of (|4.2ip involves some analysis of skew derivations on the quantum torus 
Tq. Given / = (mi, . . . , mjy) G , define the Laurent monomial 

(4-22) yf :=y^...y^ eTq. 

The algebra Tq is Z^-graded by 

deg/:=/, V/GZ^. 

We will say that a K- linear map r\ : Tq — > Tq is Ij N -homogeneous of degree g G Z^ if 
r)(yf) G Kyf+9 for all / G Z N . (The term homo geneous is already used in the context 
of the AT("H)-grading of R; we use the term Z^-homogeneous to distinguish the two 
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gradings.) Given a general K-linear map 77 : 7q — > 7^, for g € 1* N there are uniquely 
denned Z^-homogeneous K-linear maps rf of degree g such that 

V= ^2 V 9 - 

If a is an automorphism of Tq which preserves the Z^-grading and 5 is a cr-derivation, 
then the component 5 9 is a cr-derivation for each g 6 Since 7^ is finitely generated, 
J 9 7^ for at most finitely many g E X N . 

Let -< be the reverse lexicographic order on 7j N (defined as it was above on Z> ). 
Any nonzero element u € Tq can be uniquely written in the form 

(4.23) u = (iy fl + ■■■ + CrV fr where /H < f r in Z N and £i , • • • , Cr G K* . 

We will say that Cr2/ is the leading term of u and denote it lt q (ti), to distinguish it 
from our previous usage of leading terms. For future reference, observe that 

(4.24) lt q (ay fc + b) = lt q (o)y fc Vfce[2,/V], a,^!^ 1 ,...,^), 
If cr and (5 are as above, with <5 7^ 0, we have 

(4.25) 5 = 5 91 + • • • + 5 9t with gi ~< <g t mZ N , all 5 9t / 0. 

Moreover, if <7<5 = gctcr for some q € K*, then ab 9i = q5 9i a, for all i G [1,^]- For m > 
and it as in (|4.23p . the component of 5 m (u) in degree / r + mgt is Cr{^ 9t ) m (y^ r )- Hence, 

(4.26) 5 m (u) = (5 9t ) m (lt q (u)) = 
for all m > and nonzero u £ 7^. 

Lemma 4.9. Lei T be a ^.-algebra domain, a an automorphism of T , and 5 a cr- 
derivation on T such that a5 = q5a for some q € K* which is not a root of unity. 
Suppose y 6 T is a unit such that 5 m (y) = 5 m {y^ 1 ) = for some m > 0. Then 

<%) = <%-*) = 0. 

Proof. Write <5(y) = yz with z = y~ 1 d~(y), and note from the g-Leibniz rule for 5 (e.g., 
Lemme 2.2]) that 5 2m ~ l {z) = 0. We now follow the argument of [191 Lemme 7.2.3.2]. 
Suppose that z 7^ 0. Let r, s > be maximal such that 5 r (y) 7^ and 5 s (z) 7^ 0. Then 

r+s 

5 r+s (yz) = Y J ^ l ~ r - s) { r T) q cr r+s - l 5 l {y)5 r+s - l {z) = q- rs ( r+ r s ) q o- s 5 r (y)5 s (z) + 0. 
1=1 

On the other hand, 5 r+s (yz) = 5 r+s+l {y) = 0, and we have reached a contradiction. 
Thus, z = and 5(y) = 0. Symmetrically, 5(y~ 1 ) = 0. □ 

Proof of the implication (|4.2ip . Let -R be a CGL extension of length ./V as in Definition 
ED By (|4.19p . the statements of Theorems I4T31 and l4~6l hold for R. Let h GTL and a = 
(/i-) € Aut(-R). Let 5 be a locally nilpotent cr-derivation of R satisfying the conditions 
in Theorem 14.2( b). and suppose that <5 7^ 0. The assumption (|4.2p implies 

(4.27) 8{y k ) = 0, Vfc G [1,JV] such that s(k) = +00. 

The automorphism a = (h-) of R and the cr-derivation 5 extend to an automorphism 
and cr-derivation of Fract(i?) satisfying a5 = qba. Obviously cr(Tq) = Tq, and since 
b~{yk) G R Q Tq for all k £ [1,N], we see that 5(Tq) G Tq. Now view a and 5 as 
an automorphism and a cr-derivation of Tq, note that cr preserves the Z^-grading, and 
decompose 5 as in ()4.25p . Due to the assumption that 5 7^ 0, we must have 5(yj) 7^ 
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for some j G [1, A]. Moreover, s(j) 7^ +00 and S 9t (yj) 7^ 0. We will prove the following 
fact: 

(*) Ifd 9t (y k ) = for some k G [1, A] with p{k) / -00, then ^*(y p(fc) ) = 0. 

By (I4.27p . 5 9t (y k ) = 0, for all k G [1, A] such that s(k) = +00. A downward recursive 
application of (*) leads to 8 9t (y k ) = 0, for all k G [1, AT], contradicting what we found 
above. This contradiction proves implication (I4,21j) . 

We are left with showing (*). Assume that 5 9t (y k ) = for some k G [1,AT] with 
p[k) 7^ —00. There exists m > such that 

= 5 m (x k ) = 6 m (y; { l ) y k + y~l ) d k ). 

Since d k G R k -i, the elements d k and y~^d k belong to the subalgebra of 7q generated 
by yf 1 , . . -,y k \. Observations (l4~24jl and (l4~26jl then imply (S 9t ) m (y~Lyk) = 0. But 

a*(i/ fc ) = o,so 

(4.28) = (^riy^yk) = {{5 9t ) m {y;t k) ))y k , i.e., (s*r( y ^ k) ) = o. 

On the other hand, the restriction of 5 to R is locally nilpotent. Hence, 5 m ' \y p ( k \) = 
for some m' > 0. It follows from ()4.26p that (5 9t ) m (y p c k )) = 0. We combine this and 
the second equality in (I4.28j) . and apply Lemma [4791 to obtain 5 9t (y, p ^) = 0. □ 

4.4. Freeness of R over Af(R) for all CGL extensions R. Next we combine Theo- 
rem HTjJJwith the method of the proof of |21[ Theorems 5.1 and 5.4] to obtain that every 
CGL extension R is a free left and right module over its normal subalgebra Af(R), with 
ELS cl direct summand. 
Fix a CGL extension R of length A and rank n, and recall the definition of the 
surjective function jj, : [1,N] — > [l,n] from Theorem 14.31 By Theorem 14. 6( ftf(R) equals 
the quantum affine space algebra A/q which is the subalgebra of A q generated by 

{Vj I J G [1, A], s(j) = +00} = {y maxM -i W I i G [l,n]}. 

The Gelfand-Kirillov dimension of A/" q equals n. Define the subset 

(4.29) A(i?) := {(mi, . . . ,m N ) G Z> | Vi G [l,n] 3A; G such that m fc = 0}, 

cf. [21, Eq. (5.10)]. Recall the definition of the vector k G Z^ for k G [1, A] from 
Subsection 14.21 The following lemma is analogous to |2H Lemma 5.3]. Its proof is left 
to the reader. 

Lemma 4.10. Let R be a CGL extension of length A and rank n, and [i : [1, A] — >■ [1, n] 
be the corresponding surjective function from Theorem 14.31 For every f G Z> , there 
exist unique g G A(R) and c\, . . . , c n G Z>o such that 

(4.30) / = g + ci max // _1 (1) + • • • + c n max /i _1 (n). 
Theorem 4.11. For all CGL extensions R, we have 

R= N(R)x 9 = x 9 M(R), 

g£A(R) geA(R) 

cf. (HTTP and (j429|) . 

Since G A(i2), Theorem 14.111 has the following direct corollary. The second state- 
ment follows from Corollary 14.81 which implies that Af(R)x 9 = x 9 J\f(R) for all g G Z> . 
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Corollary 4.12. Every CGL extension R is a free left and right module over its normal 
subalgebra N(R), and N(R) is an (M(R),M(R))-bimodule direct summand of R. 

Proof of Theorem \4.11\ Recall the definition of the leading term of an element of R from 
Subsection 14.21 The set 

W I / 6 Zg } 

is a IC-basis of R. By Lemma 14.101 for every / £ Z> there exist unique g € A(i2) and 
ci, . . . , c n G Z>o such that (|4.30|> is satisfied. It follows from equations (I4.12|) and (j4.13j) 
that 

lt(y Cl -m\"-y Cn -i,sX 9 )=£x f and 

\ a max fi a max/i ("J ' 

lt(x 9 y Cl _ lm ---y c " -i, J = £V 

V 'max /i "max/i (,™)' 

for some G K*. This implies the statement of the theorem for filtration reasons 
analogously to the proof of |21} Theorem 5.4]. □ 

5. The strong ft-UFD property 

We prove in this section that for any CGL extension R, the torus ft can be chosen 
so that R is a strong ft-UFD. That this does not hold for arbitrary choices of ft can be 
seen in the standard generic quantized coordinate ring of K. , that is, the K-algebra R 
with generators x\, . . . , xn and relations XjXk = qxkXj for 1 < j < k < N, where g£l* 
is a non-root of unity. The rank 1 torus T~L = K* acts rationally on R with a ■ Xj = axj 
for all a E % and j S [1>^V]- With this action, and with the iterated skew polynomial 
presentation 

R = HC[xi][x 2 ;o- 2 ] • • • [x N ;a N ], 

R is a torsionfree CGL extension. Thus, R is an %-UFD and a UFD. However, it is not 
a strong %-UFD (assuming N > 2), because the homogeneous prime elements Xj are 
not %-normal. This failure is easily repaired, however - if H is replaced by (K*) with 
its usual action, then R becomes a strong %-UFD. 

5.1. Iteration of Theorem l3.11l The key to establishing the strong %-UFD property 
in a CGL extension is to have the hypothesis of Theorem 13.111 available at each step of 
the iteration. 

Theorem 5.1. Let R be a CGL extension of length N and rank n as in Definition \A.\\ 
Assume that for each j G \\,N\ with Sj = and each £ € K* ; there exists t € H such 
that t ■ Xj = £xj and t ■ Xf~ = Xf, for all k € [1, j — 1]. Then R is a strong H-UFD. 
The image of W in A.ut{R) is a ~K-torus of rank exactly n. 

Proof. It is an immediate corollary of Theorem 13.111 that R is a strong %-UFD. 

The kernel of the action map 6 : T-L — > Aut(i?) is just the intersection of the kernels 
of the characters pj for j € [1, JV], where pj € X{H) is the X("H)-degree of Xj. Hence, 
ker# is a closed subgroup of 7i, and so 8(7i) is a K-torus. This torus acts rationally on 
R, and R is a CGL extension with respect to the #(%)-action. Moreover, 8(1-1) satisfies 
the hypotheses of the theorem. Thus, we may replace H by 9(H), i.e., we may assume 
that the action of H on R is faithful. 

Let 

tt: ft <h) = ( Pj (h)) jeD 
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be the natural projection, where D := {j G [1,-^V] | Sj = 0}. It is clear from the 
hypothesis of the theorem that ir is surjective. Since n = \D\ by (|4.3|) . we thus have 
rank(%) > n, and we will have equality once we establish that ir is injective. 

From (Hd, we have OOl-Rj-i o 6j = Pj(h)6j o for h E ~H and j € [2,7V]. 

It follows that for 1 < k < j < N, either 8j(xk) = or Sj(xk) is homogeneous with 
X (?i)-degree pj + pk- If ir is not injective, there is a non-identity element h G ker-zr. 
Since % acts faithfully on R, there must be some j G [1, N] such that ^ 1, and we 

may assume that j is minimal for this property. Moreover, j ^ D because h G ker7r, so 
j > 1 and there is some k G [1, j — 1] such that Sj(xk) ^ 0. Since 5j(xk) is in its 
X(%)-degree must be of the form Yli=x m %P% f° r some mj G Z>o- On the other hand, 
this degree is pj + pt as noted above, so pj = —pk + YaZi m iPi- But the minimality of 
j implies that pi{h) = 1 for all i < j, and hence we obtain Pj{h) = 1, contradicting our 
assumption. Therefore ir is indeed injective. □ 

5.2. Maximal tori and the strong %-UFD property. We now describe the appro- 
priate maximal torus for the strong H-VFD result. Let R be a CGL extension of length 
N as in Definition 14. II Equip R with the rational action of the torus (K*)^ by invertible 
linear transformations given by the rule 

(5.1) (ax,. . -,a N ) ■ (x™ 1 ■ ■ -x™ N ) = a™ 1 ■ ■ ■ a^ N xf 1 ■ --x™ N . 

The given action of % on R factors through the above (K*) Ar -action via a morphism (of 
algebraic groups) H — > (K*) N . Since nothing is lost by reducing T~L modulo the kernel 
of its action, we may assume the action of % on R is faithful and then identify T~L with 
its image in (K*)^. Thus, there is no loss of generality in assuming that T~L is a closed 
subgroup of (K*)-^. (For closedness, see, e.g., [3, Corollary 1.4].) 
Next, set 

(5.2) G := {4> G (K*) N | (V"), acting as in ()5.ip . is an automorphism of R} 

= {ijj G Aut(i?) j xx,-- - ,xn are ^-eigenvectors}, 

and observe that G is a closed subgroup of (IIC*)^. Since G is diagonalizable, its con- 
nected component of the identity, G°, is a torus (e.g., [31 Corollary 8.5]). This subgroup 
is the unique maximal torus of G, and so it contains Ti. Let us set 

(5.3) H max (R) := G°. 

(The definition of this group, and its position within (IK*)^, depend on the given CGL 
extension presentation of R. However, we do not indicate this dependence in the nota- 
tion.) Since l-L ma , x (R) contains H, the algebra R is also a CGL extension with respect 
to H max (R). We shall see later that, in fact, 7^ ma x 

(R) = G (i.e., G is connected). 

Remark 5.2. The group 7i m a,x(R) associated with a CGL extension R has the following 
universal property, assuming that we fix the CGL extension presentation (|4.ip for R. If 
7~Lx is any K-torus acting rationally on R such that (R,7ix) is CGL for the presentation 
(I4.ip . then the action of %x on R factors uniquely through the action of % m ax(-R)> via 
an algebraic group morphism Hx — > H max (i2). Thus, if we identify H ma , x (R) with its 
natural image in Aut(-R), the image of the action map %x Aut(i?) must be contained 

in ^max(-R)- 

Theorem 5.3. Let R be a CGL extension of length N and rank n as in Definition\4A\ 
and assume that 7i = T-L max (R). Then R is a strong T-L-UFD, and rank% = n. 
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Proof. Both conclusions will follow from Theorem 15.11 once we verify the hypothesis of 
that theorem. 

Let j G [1,N] such that 5j = 0. By Proposition 14.71 p(j) = There is some 

I G [1,N] with s(l) = +oo and p°-^(l) = j. By Corollary OJ <f Vl {x k ) = aj^x k for all 
ke[l,N]. 

Set 9 := ^ o (n°- = ( ° h p m(iy), which is an automorphism of R for which all the 

Xk are eigenvectors. Thus, we may identify 6 with an element of the group G C (K*) - ™ 
considered above. Since h p mm(xk) = ^ p ™m,k x k when k < p m (l), we find that 9(xf~) = Xk 
for k < j and 6(xj) = XjXj. Hence, 9 = (1, . . . , 1, Xj, *, . . . , *) as an element of (K*) . 

Let 7r : (K*) — > (K*y be the projection onto the direct product of the first j 
components of (K*) N . Then tt{H) is a closed subgroup of Set 

J := {a G (K*) j | a k = 1 Vfc < j}, 

another closed subgroup of (1C*)- 7 . Now ir(T-l) H J is a closed subgroup of J. Since ?^ has 
finite index in G, there is some r > such that r € Then 7r(9 Tl ) = (1, . . . , 1, A") 
lies in vr(T^) n J for all i £ Z, and consequently tt{%) H J is infinite, because A,- is not 
a root of unity. However, J is an irreducible 1-dimensional variety, so we must have 
n(H) n J = J. 

Thus, for any £ € K*, there is some t £ % with 7r(t) = (1, . . . , 1,£). Consequently, 
t ■ Xj = £xj and t ■ x k = x k for all fc G [1, j — 1]. This verifies the hypothesis of Theorem 

EU □ 

The second conclusion of Theorem 15.31 verifies a conjecture of Launois and Lenagan 
[unpublished] . 

Corollary 5.4. Let R be a CGL extension of length N and rank n as in Definition 
14. 1L For any nonzero normal element u G R, there exists h u G % m ax(-R) such that 
ua = (h u ■ a)u for all a G R. 

Proof. We may assume that H = T-L max .(R)- Then R is a strong %-UFD by Theorem 
15.31 and the result follows from Theorem 12.51 □ 



Now that we have established that the rank of the maximal torus associated to a 
CGL extension R has rank equal to the rank of R, we can pin down the group H ma , x (R) 
tightly, as follows. 

Theorem 5.5. Let R be a CGL extension of length N and rank n as in Definition \A.l\ 
and define the group G C (K*) as in (|5.2p . Then 

%max(-R) = G. 

Now set D' := {k G [2,N] \ 8 k / 0} = {k G [2,N] \ p(k) ^ -oo}. For each k G D' , 
choose jk G [1, k — 1] such that 5k(xj k ) ^ 0, and choose G Z^q 1 such that the 
monomial x mk = x™ kl ■ ■ ■ x^f" 1 appears in 5k{xj k ) when 5k{xj k ) is expressed in the 
PBW basis (UTTJ. Then 

fc-l 

(5.4) n max (R) = {V G (K*) N | Vfc = ^ C fc % VA; G £)'}. 

i=l 

Proof. By Theorem 15.31 and equation (|4.3p . the rank of H mil x(R) is n = N — \D'\. Let 
G2 denote the closed subgroup of (K*) described on the right hand side of (|5.4p . and 
note that G2 is a IC-torus of rank n. We shall prove that 'Hmax(-R) C G C G 2 . Since 
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Hmax(R) and G2 are connected groups of the same dimension, it will then follow that 
^max(-R) = G2, proving both parts of the theorem. 

By construction, H ma , x (R) C G, so only the inclusion G C G2 remains. Let tj) G G, 
and let k € Z?'. On applying the automorphism (vp-) to the relation 

X k x j k = ^k,j k Xj k Xk + 5k{Xj k ), 

we see that V • ^k{xj k ) = ipk~4>j k Sk(xj k ). Consequently, all the monomials appearing in 
the PBW basis expansion of Sk(xj k ) must have ^-eigenvalue ipkipj k - One of these is x mk , 
whose ^-eigenvalue also equals Yli^i 4*™^ • Hence, ipk = ipj k T\i=i ip™^ ■ This proves 
that G C G2, as required. □ 



6. Iterated sets of prime elements and the Cauchon quantum tori 

6.1. Cauchon's quantum tori. Given a CGL extension R, there are now two com- 
pletely different ways to embed it into a quantum torus. The first one is obtained via 
recursive applications of the Cauchon deleting derivation procedure [5]. The second is 
the one from Theorem 14.61 obtained via iterated sequences of homogeneous prime ele- 
ments. These quantum tori are distinct subalgebras of Fract(i£). We relate them for an 
important class of CGL extensions that contain all iterated skew polynomial extensions 
arising from quantized universal enveloping algebras of Kac-Moody algebras. More pre- 
cisely, if R is a symmetric CGL extension as defined in Definition 16.21 then one can 
present R as an iterated skew polynomial extension in two different ways by adjoining 
the variables in the orders xjy, . . . , x\ and x\, . . . , xn- In Theorem l6.6| we prove that the 
quantum tori obtained by applying the former procedure to the first iterated skew poly- 
nomial extension and the latter to the second one are equal as subalgebras of Fract(-R). 
We furthermore derive an explicit formula expressing the iterated sets of homogeneous 
prime elements in terms of the Cauchon variables. 

We begin by recalling the key steps in Cauchon's procedure of deleting derivations 
[HI Section 3]. Let R be a CGL extension of length iV as in Definition 14.11 By abuse 
of notation, we will denote by the same symbol the extension of each to the au- 
tomorphism (hk-) of Fract(-R), and the corresponding automorphism of any avstable 
subalgebra of Fract(i?). For I = N + 1, . . . , 2, Cauchon recursively defined A^-tuples of 
nonzero elements 

(xf \ . . . , Xpj) and subalgebras := K(xf , . . . , x$) 

of Fract(i?). In the first step (I = N + 1), one sets 

(x[ N+1 \...,x^ +1) ):=( Xl ,...,x N ) and R^ = R. 

For the recursive step, let I S [2,N] and assume that (xf + , . . . , xj^ ) and R( l+l ^ 
have been defined. Cauchon proved that R( l+1 ^ is an iterated skew polynomial ring of 
the form 

(fU) r« +1) = nxf +1) ] ■ ■ ■ [xrur^^W/VS 1 )] • • • 1} ] 

= K[xi][x2;a 2 ,d 2 ) ■ ■ ■ [xi;at,5i}[xi +1 ;T l+1 ] ■ ■ ■ [x n ;t n ], 

where (sc^ ) = \kjX^ l+1 ^ for k > l,j and the isomorphism sends x)f + 1— > Xj for 

all j € [l,iV] [5, Theoreme 3.2.1]. In fact, as is easily seen, each 0"l? + ^ and each ^ 
is just <jfc acting on the appropriate subalgebra of Fract(i?). To simplify the notation, 
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one writes o~j, 5j, tj for erf , 5j , Tj l+1 K The next iV-tuples are denned by iterating 



the Cauchon map (13. 4h in the following way: 
(6.2) x] 



E 



m=0 [ m ] A; ! 



if j < I. 



In all cases the above sums are finite due to the local nilpotence of 5[ and the commu- 
tation relation aiSi = Xrfiai. Cauchon [ibid] proved that 



m 

m G Z 



>0 



is an Ore subset of R® and for I G [2, N] and that one has the following equality 

of K-subalgebras of Fract (i?): 

(6.3) RW[Sf 1 }=R ( - l+ V[Sf 1 }. 
Denote the final iV-tuple of Cauchon elements 

i- - \ i ( 2 ) ( 2 h 
{xi,...,x N ) := (x\ xtf). 

By (|6.3p . we have the inclusions 

R C K(xf X , . . . C Fract(fl). 

Recall the definition (|4.14p of the multiplicatively skewsymmetric matrix A = (Xjk) G 
Mjy(K*). It follows from (|6.ip that the algebra M.^xf 1 , . . . jX^ 1 ) is isomorphic to the 
quantum torus 7a by 

(6.4) x k ^Y k , k G [1,N] 

in terms of the notation (|4.10p . We note that only very rarely is the quantum affine 
space algebra . . . ,xn) a subalgebra of R. 

Repeated applications of the %-equivariance of the Cauchon map [I5j Lemma 2.6] 
give the following: 

(6.5) Xj is an ^-eigenvector with the same ^-eigenvalue as xj, Vj G [1, AT]. 

(We do not call Xj homogeneous here, because Fract(i?) is not X(%)-graded.) 

For j,k G [l,iV] ; let Rua be the unital subalgebra of R generated by those X{ for 
which j < i < k. In other words 

Rum := ^-(xj, ■ ■ ■ ,Xk) if j < k and Rijk] := ^ otherwise. 

Lemma 6.1. Suppose that 5k(xj) G Ry+i^-i] for 1 < j < k < N. Then Xj — Xj G 
Fract R\j + im for all j G [1, N]. 



Proof. For 1 < j < I < N, it follows from (I6.2P and our hypothesis that 

x f _ G FractK(x ('+i) 5 . . ., x ?+\ 

A downward induction on m then yields 

Fract K(x^ , . . . , x^') C Fract R\km 

for k,m G [1, JV], whence x^ — x^ +l ^ G Fract Ry+i^N] for 1 < j < I < N. Since 
x^ N+1 ^ = Xj and a^' = Xj, the lemma follows. □ 
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6.2. Symmetric CGL extensions. For an iterated skew polynomial extension R as 
in (|4.ip . the notation above connects with the notation from Subsection 14.11 as follows: 
Rk = R[i,k) for ke[l,N]. Set 

R-k := R[k,N]- 

Definition 6.2. We call a CGL extension R of length N as in Definition l4.il symmetric 
if the following two conditions hold: 

(i) For all 1 < j < k < N, 

Sk(xj) G 

(ii) For all j G [1, N], there exists h'j G H such that 

h'j ■ x k = ^kjXk = XjkXk, V/c G [j + 1, AT] 

and h'- ■ Xj = A'x,- for some A'- G K* which is not a root of unity. 

Given a symmetric CGL extension R, denote 

a'j := {h' y ) G Aut(i?), j G [1, AT - 1]. 

The conditions (i) and (ii) imply that for j G [1, AT — 1], the inner cx^-derivation on R 
given by a i y Xja — a'j(a)xj restricts to a <Tj-derivation Sj of R'j + \ such that 

:= XjX k - XjkXkXj = -XjA(xj), Mk G [j + l,N]. 

Both <Tfc and 5^ preserve R^^ij for j G [l,fc — 1]. Analogously, a'j and 5j preserve 
Ru+im f° r & € [j + 1, A 7 ']. The following lemma and corollary are straightforward. 

Lemma 6.3. For all symmetric CGL extensions R of length N as in Definition \6.2\ we 

have the skew polynomial extensions 

R[j,k] = R[j,k-i] [xk] &k, fa] and R\j t k\ = R\j+l,k] i x jl 
for all 1 < j < k < N . Both derivations 5k and <5'- are locally nilpotent. 

Corollary 6.4. Every symmetric CGL extension R as above has the second CGL ex- 
tension presentation 

(6.6) R = K[xn][xn-i;on-Ii S 'n-i\ • • • [ x i'i a ii&i] 

by keeping the same ¥L-torus % as in the original presentation and using the elements 
h' N , . . . , h 1 G Ii. 

Remark 6.5. More generally, a symmetric CGL extension R as above has a CGL 
extension presentation associated to every permutation r of {1, ... , N} such that 

r(Jfc) = rnaxrQl, k - 1]) + 1 or r(k) = min t([1, k-1])- 1, VJfe G [2, N]. 
This presentation is given by 

R = K[x r (i)][x T ( 2 );cr" (2) ,^' (2) ] • • • [x T ( N y,a" {N) ,5"( N) }, 
where cr" (fc) := cr T ( fe) and <5" (fe) := 6 T ^ if r(k) = maxr([l, k-l]) + 1, while cr" (fc) := a' T ^ 
and := ^r(fc) ^ r (^) = mm r ([li^ — 1]) ~~ 1- For this presentation, one keeps the 
original K-torus % and uses the elements h'L^ , . . . , h'L N s G % given by h", k ^ = h T (k) if 
r(k) = maxr([l, k— 1]) + 1 and h"(k) = ^V(fc) ^ T (k) = mm r ([L — 1]) — 1. The original 
CGL extension presentation of R corresponds to r = id, and the one in Corollary 16.41 to 
the permutation given by r(k) = N + 1 — k, for all k G [1, N]. 
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6.3. The relationship theorem. Let R be a CGL extension of length N as in Defini- 
tion dJ3 Equation (|4.6p defines the iterated set of elements yi, . . . , yjy of R, which incor- 
porate the homogeneous prime elements of the intermediate algebras R k by (|4.7p . Recall 
from Subsection 14. 21 that the subalgebra ~K{yf x , . . . , y^ 1 ) of Fract(i?) is a quantum torus 
denoted by 7c, where the multiplicatively skewsymmetric matrix q = (qj k ) G M^(K*) 
is given by (|4.16p . 

The Cauchon procedure applied to the CGL extension presentation (|4.ip of R pro- 
duces the elements x\, . . . ,xn G Fract(-R). The subalgebra ~K(xf 1 , . . . ,x^) of Fract(ii) 
is isomorphic to the quantum torus 7a associated to the multiplicatively skewsymmetric 
matrix A = (X jk ) G M N (K*), see (|4.14p . The quantum tori Tq = x , . . . ,y^) and 
7a = 1 , . . . ,^r A > 1 ) are completely different subalgebras of Fract(i?) except in some 
very special cases. For instance, in Example 14.41 one calculates that 

xi = xi + q(l - q r+1 )~ 1 x r 2 x 3 ~ 1 + (q - l) -1 , x 2 = x 2 , x 3 = x 3 . 

Moreover, y 3 = x\x 2 x 3 but y 2 = x\x 2 — (1 — q r+1 )~ 1 x 2 +1 x^ 1 , which is a non-unit in 7a.. 
Thus, in this example we have A n C 7a but 7^, ^ 7a- 

In order to relate the two embeddings of a CGL extension in quantum tori, we need 
to use a reverse CGL extension presentation in one of the two cases. For this reason, 
from now on we assume that R is a symmetric CGL extension. Then we have the second 
CGL extension presentation of R from (|6.6p . We apply the Cauchon procedure to this 
CGL extension presentation, keeping the indices in descending order: N, N — 1, . . . , 1. 
The analogs of the elements x\,... ,x~n for this case will be denoted by 

x' N , . . . ,x[ G Fract(-R). 
The discussion in Subsection 16.11 shows that 

U ■= K((^) ±1 , • • • , (^ , i) ±1 ) C Fract^) 
is a quantum torus which is isomorphic to 7a- hi particular, 

xjx'k = ^jkx'kXj, Vj, k G [1,N]. 

Since the presentation (|6.6p satisfies S'Jx^) G Ry+i^-i] for I < j < k < N, observa- 
tion (|6.5p and Lemma 16 . 1 1 yield the following for all k G [l,iV]: 

Xu is an "^-eigenvector with the same %-eigenvalue as xu. 

(6.7) _, 

x k - x k G Fract-R[i jfc _i]. 

The main result of this section relates the embeddings R C 7q and R C Tl, and 
the generators yi,...,yjv of 7^ and x' 1 ,...,x' N of 7^- From another perspective it 
gives explicit simple formulas for the homogeneous prime elements of the intermediate 
algebras R k in terms of the Cauchon elements for R. The proof of the theorem relies on 
an extension of the argument of the proof of [101 Theorem 3.1] of Geiger and Yakimov. 

Theorem 6.6. Let R be a symmetric CGL extension of length N as in Definition ^, .21 
Then 

(6.8) 71 = ^ 
and for all k G [l,iV], 

(6-9) yk = x' p o_( k){k yx' k . 



x' k = i W 
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Proof. Obviously (|6.8p follows from (|6.9p . We prove (|6.9p by induction on fc. For k = 1, 
we have x' x = xi by the current Cauchon procedure, and y\ = x\ by (|4.6p . 
Assume (j6.9|) holds for all /c = 1, — 1 for some / G [2, N]. Therefore 

Vp^Vk, if p(*0 + -oo 
j/fc, if p(A;) = -oo 

for all A: € [1, 1 — 1]. Since yiyt = qikVkVh it follows from ()4.16j) that 

Vix'k = ^kl^hVh vTc G [1, / - 1], 

in terms of the scalars a k \ defined in (|4.15p . At the same time, working in the quantum 
torus 7/[ we obtain 

/— / _/\_/ _ -l—i i— i — /\ 

\ x p O-m^ ' ' ' x l) x k — a kl x k{ x p o_(i)^ ■ ■ ■ Xi) 

for the same values of k. Set 

-A-1 

We have 



%\ ■= yi{ x ' D o_(i) (l) ■■■x' l ) 1 G Fract(E). 



(6.10) zix' k =x' k z u Vfc€[U-l]. 
Denote the quantum torus 

:=K((x' 1 ) ± \...,(x' l ) ±1 )cn. 

By gSJ) and AO) . 

(6.11) z« G 7a[1, I] C Fract(7A[l, Z]) = Fract( J R i ). 
Equation (|4.6p together with (j6.7[) implies 

z, = 1 + 6,(xD _1 

for some bi G 77 [1, Z — 1]. Now it follows from (|6,10p and the fact that z\ commutes with 
itself that 

z\x\ = x\zi. 

Applying again (|6.10p and (|6.1ip gives z\ G Z (Fr act (Ri)). The homogeneity of the right 
hand side of (|4.6p and the fact that x' k has the same ^-eigenvalue as Xk, for all k G [1, AT], 
imply Z[ is fixed under the action of H, that is, 

zi G Z(Fract(Ri)) n . 

But Ri is a CGL extension and so the strong %-rationality result [U Theorem II. 6. 4] 
implies that iT(Fract(i?/))^ = K. This forces z\ = 1, which establishes the validity of 
flgSH for k = I. □ 
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